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INTRODUCTION

Any atomic nucleus, including deuteron, is a compound of the protons and the neutrons.
So it is obvious, that they should have some internal electromagnetic structure. In
the middle 50’ of the last century such internal structure was discovered even in the
proton and the neutron. In the time of Hofstadter’s [1] discovery of this non-point-
like structure of the proton, there was no theory to explain this phenomenon and as a
result in Quantum Electrodynamics (QED) it is impossible to describe electromagnetic
current of the proton. That was the reason why it was parametrized as a sum of
products of linearly independent vector covariants (constructed from fourmomenta and
spin parameters of incoming and outgoing proton) and scalar functions of one variable
— momentum squared to be transferred by a virtual photon (Q? = —t). These scalar
functions are called electromagnetic form factors and more precisely, together with other
types like weak and strange form factors, are defined in the first Chapter of this work.

Currently we know the reason of the non-point-like nature of the proton. It is (simi-
larly to the nuclei) a compound of the quarks, which cause the internal electromagnetic
structure of the proton. Also any other hadron has an internal electromagnetic structure
caused by its quark origin and it can be phenomenologically described by its electro-
magnetic form factors.

We expect, that the behavior of these form factors from —oo to 400 on real axis
will be predicted by the theory of quark-gluon interactions (Quantum Chromodynamics
- QCD). But this theory is able to predict only asymptotic behavior of form factors in
space-like region [2, 3]. In the time-like region, where form factors of hadrons are com-
plex functions and they have complicated resonance behavior, QCD doesn’t give any
predictions up to now. As a consequence of this imperfection of QCD, phenomenological

description of form factors of hadrons is still needed. The most famous of phenomeno-
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logical models is Vector meson dominance model (VMD) [4, 5], which assumes virtual
photon to change (with certain probability) into neutral vector-meson (p", w, ¢ and their
excitations), which decays into hadron-antihadron pair.

But also VMD model has some limitations. It violates an unitarity condition, which
implies, that the imaginary part of the form factor is different from zero starting from
the lowest branch point, what can not be fulfilled within VMD model. It has wrong
asymptotic behavior and in the resonance region it gives infinity values of form factors.

All these disadvantages of VMD model can be solved within unitary and analytic
models fulfilling all known properties of form factors, which are one of the main tools
for the solution of the problems solved in this Dissertation Thesis.

The experimental data on the electromagnetic form factors are usually obtained from
measurement of the angular distribution of the differential cross section in the elastic
scattering and annihilation experiments. However, recent observations show importance
of another source of information on electromagnetic form factors — polarization observ-
ables, which can be measured in processes with polarized particles. As we will show the
polarization observables give more precise information on electromagnetic form factors
and in case of particles with higher spin, like the deuteron, they are essential. Therefore
next two Chapters are devoted to a brief review of polarization observables generally
and four-component formalism in an investigation of the polarization phenomena of an
electron-positron annihilation process into nucleon-antinucleon pairs.

Following Chapters are dedicated to a formulation of the proton electric form fac-
tor space-like behavior puzzle and subsequently to its phenomenological solution by
exploiting the nonrelativistic impulse approximation of deuteron electromagnetic form
factors.

In another Chapter processes of the nucleon-antinucleon annihilation into pion, nu-
cleon and pair of leptons are investigated with the aim on an obtaining behaviors of
the nucleon electromagnetic form factors in the unphysical region. In order to predict a
behavior of corresponding cross sections, one is in need of an axial nucleon form factor.
Therefore one Chapter describes also some model extension of the axial nucleon form
factor into the time-like region.

In the last Chapter we study polarization observables in the electron-positron anni-
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hilation into deuteron-antideuteron pair, which is the only possibility to obtain the first
information on time-like behaviors of the deuteron electromagnetic form factors. With
the aim on the estimating behaviors of the corresponding polarization observables, as
well as behavior of the corresponding total cross section, the two-component and Unitary

and Analytic models of the deuteron electromagnetic structure are elaborated earlier.



1. ELECTROWEAK FORM FACTORS OF
HADRONS AND ATOMIC NUCLEI

1.1 Electromagnetic form factors

The idea of a form factor was firstly introduced in Quantum Mechanics, where the form
factor represents correction of the scattering on a particle with spin 0 and internal charge
distribution p(7”) to the Rutherford scattering on a point-like particle. For the form

factor defined in this way the following formula is valid
F(ﬁ, FM) _ /d3rlei(??l)'?’p(?/), (1.1)

where P, p’ are momenta of the incoming and outgoing particles and a differential

cross section of scattering on a non-point-like particle is given by

- (%) w@ e
where (do/dQ)p is the differential cross section of the Rutherford scattering on the
point-like particle. Also it is obvious that expression (1.1) for the form factor is a
Fourier transformation of the charge distribution p(7"') within the particle. Therefore
it should be possible to obtain the charge distribution within the particle from the
inverse Fourier transformation by measuring form factor.

In Quantum Field Theory a definition of the form factors is slightly different. As it
was said in the Introduction, form factors are scalar functions of (), which parametrize
electromagnetic current of a hadron. The elastic electron scattering on a hadron e”h —
e~ h and annihilations e"et — hh (see Fig. 1.1) are the most common processes, where
electromagnetic structure of hadrons (h) is manifested. The corresponding amplitudes

of these processes in the first order of the fine structure constant are
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Fig. 1.1: Feynman diagrams for processes e"h — e~h and e"et — hh.

g
M(e™h— e=h) % M(s,0) = K k) T (o p [ 12 ')

and
- - _ g -
M(eme" = hh) ~ M1(t,5) = STR k) " (O |17 B pi ool

where g /¢* is the virtual photon propagator and (h, p |JEM| b, p') , (0 |JEM| b, p'; b, p)
are matrix elements of the electromagnetic current of the hadron, which can be written
in the framework of QCD as

2 1- 1
JEM — 25y u — =dry,d — =5,s.
v 3 g 3 gl 3 g
But due to imperfections of the QCD and non-point-like nature of any hadron, we
don’t know the hadron electromagnetic current explicitly and we need to parametrize
its matrix element. While the electromagnetic current is a relativistic covector, it can

be parametrized as follows
(hop| T2 ') =Y RLE(D), (1.2)

where RL are all linearly independent relativistic covectors, constructed from fourmo-
menta and spin parameters of the hadron h and scalar functions F;(t) are electromagnetic
form factors of the hadron. The number of linearly independent relativistic covectors

depends on a spin of the hadron h.
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In case of a spinless hadron (7%, K% K¥) there are only 2 linearly independent

covectors p,, p,, and Eq. (1.2) can be written as
(h,p ’JfM‘ h,p') = Ap, + B.p,,

or
(hop| I b’y = F'(pu — P,) + F.(pu + P),)-

Both equations are equivalent, but the second one can be used together with Ward

identity ¢*. (h,p ‘J#EM| h,p') = 0 and we will obtain

¢ h,p| I W) =F .+ FO=0=F =0

because (p* + p™).(pu — p,) = p* — p* = 0, whereas |p,| = |pu .

Now look over the scalar coefficient F. It should be a scalar function of scalar pa-
rameters, constructed from incoming and outgoing hadron’s four momenta p and p’
(p?, ", pup* and their linear combinations). Fortunately there is only one linearly in-
dependent scalar p,.p’*, because p* = p? = m? are constants. Usually another linear

combination ¢* = (—Q? = t) is used and it is related to p,.p"™ in the following way
¢ =(p—p) =p" = 2p.p" +p® =2m* = 2p,.p".

Therefore the electromagnetic current of the spinless hadron can be parametrized as

(hop | T2M | h,p')y = F(q®)-(pu + 1)), (1.3)

where F'(¢?) is the electromagnetic form factor of hadron with spin 0 and it can be used
to describe electromagnetic properties of such hadron.

In case of a spin 1/2 hadron (p,n, H®, He3...) one can construct more relativistic
covectors (or scalars) from bispinors u,u’ (e.g. wy,u or w'u). Again, the number of
linearly independent relativistic covectors can be reduced by using Dirac equation and
Ward identity to 2 covectors and in a similar way we can show that there is only 1
linearly independent scalar (e.g. ¢?). It means that matrix element of hadrons with

spin=1/2 can be described by 2 form factors depending on ¢?

1 1 V
(b [ [ hp) = 5500) | 1 Fr () +2—maw(p’—p) F(¢?) | ulp), (1.4)
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where Fi(q?), F»(¢?) are called Dirac and Pauli form factors.

We can also choose another linear combination of these form factors, called Sachs
electric and magnetic form factors Gg(¢*), Gar(¢?), which are suitable in extracting of
the experimental information on the hadron electromagnetic structure from measured

cross sections

do'®(e~h — e~ h) B a? cos?(0/2) 1
10 4E%sin'(0/2) 1 4 (i—E) sin(6/2)
G2(¢?) — 12,G2,(¢?) 2
my q 2 2 2
X — % _24miGM(q ) tan(6/2) | ,

where av = 1/137, F is an incident electron energy, 6 is an scattering angle and

c.m — 7 471—0525 2 2m2 2 4777,2
Ol (€Te” — hh) = — "G (@) +?h\GE(q2)\} B = 1—7}‘-

The Sachs form factors are related to Dirac and Pauli form factors as follows

Ge(¢®) = Fi(¢®) + WFQ(CIQ) . Guld®) = Fi(q) + B ().

The Fourier transformation of the Sachs form factors in the Breit frame gives the charge
and magnetization distribution inside the hadron.

Similarly in case of a spin 1 hadron (d, p,w, ¢) it is possible to show that the matrix
element of the hadron electromagnetic current can be parametrized by three scalar
functions of variable t(= ¢?)

(5-Q)(5'*-Q)d

— (hp [ hp') = Gi)(E7.€)dy + Gat) [€.(€7.0) — &7 (6.0)] — Ga(t) om?

(1.5)

where &, £ are polarization vectors of fourmomenta p,,, p|, of the incoming and outgoing

hadron h, which obey
€p=0;86p=0:€"=-1;=-1;dy=p, +pu; 6u=P, — Pu

Again another linear combination of the form factors is used — G (t), Gut), Go(t),

where G¢(t) is the charge form factor, G () is the magnetic form factor and Gg(¢) is
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the quadrupole form factor. They are related to G (t), Ga(t), Gs(t) in the following way

Gu(t) = Gat)
Galt) = Ga(t) = Galt) + (1 + )G (1)
Gelt) = Gult) + SuGialt) (16)

_t_
2 .
dm;

However from measurement of the differential cross section of the e~ h — e~ h scat-

where n = —

tering with unpolarized particles one can obtain only structure functions A(t) and B(t)

by using Rosenbluth separation of

do  o’E'cos*(0/2)
dQ  4F3sin*(0/2)

[A(t) + B(t) tan®(6/2)], (1.7)
which are related to Go(t), Gu(t), Go(t) as

Alt) = o1+ mGi(t) + GA) + cPGH(1),

BU) = Sn(l+0)Ghi(r). (1)

In addition it is possible to measure vector (e.g. p,) and tensor (t9;, where i = 0,1, 2)
polarization observables of spin 1 particle in space-like region, which give us additional
information on the particle electromagnetic structure. The polarization of the outgoing
hadron can be measured in a second, analyzing scattering. The cross section for the

double scattering process can be written as

do  do
dQdQy — dQQs |,

[1 + %hpry sin ¢y + \/LEtZOAzz
— \%tzlAm cos o + \%1@2(14m — A,,) cos 2(;52], (1.9)
where h = £1/2 is the polarization of the incoming electron beam, ¢ the angle between

the two scattering planes, and A, and the A;; are the vector and tensor analyzing powers

of the second scattering. The polarization observables p,, t; can be expressed by EM
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FF's as
P: = —3g — [0+ )]’ Cu(Ge + inG,) tan 16
by — _% [$1GeGa + 512G + Ly [L+2(1 + n) tan® 10] G2,]
tyr = \/_S [77 +1 2 gin? 19} GMGQ sin~! %9
tyy = N_Sn G3,. (1.10)

Therefore the measurements of the hadron structure functions A(t) and B(t) and
one additional hadron polarization observable in ed scattering allow us to extract values
of all three spin 1 particle form factors in space-like region. In the case of deuteron the
estimation of the polarization observable ¢y is the most accurate and it is used together

with the deuteron structure functions to extract the values of the deuteron form factors

3B(t)
Cu(?) An(1 +n)
At (2+p+2/(1—p)(1 + 2p)
Gy(t) = ( i >
1[1 — An2G2
Ge(t) = ’ (t)gnijgt) Q<t), (1.11)

where

(1+2(14n) tan® £)B
3 .

. 2
A=A=ZnGy 5 p=-

Values of the magnetic deuteron form factor are extracted from data on B(t) struc-
ture function and values of charge and quadrupole form factors were extracted from
A(t), B(t),ty for the values of variable ¢ where tyy measurement are available, getting
the values of A(t) and B(t) from an interpolation of the data on the differential cross
section. The existing experimental data on ed scattering, differential cross section and
the polarization observables, were collected in [6]. While the magnetic FF, Gy, (%), is

directly related to B(t), the extraction of the charge and quadrupole FFs requires the
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solution of two quadratic equations, which may lead, in some cases, to two possible
roots. Therefore, the date on G¢(t) and Gg(t) consists of two different sets of solutions.

In case of strong interacting particles with spin greater than 1 the situation is even
more complicated and up to now no general prescription for the parametrization of their

matrix element of electromagnetic current exists.

1.2 Weak contribution to the hadron structure

According to Standard model there are 3 fundamental interactions in the Universe - elec-
tromagnetic, weak and strong (and 4th - gravity) force. Electromagnetic FFs describe
structure of hadrons, given by strong forces, in the language of quantum electrodynam-
ics (Fig.1.2a). In order to describe weak interaction effects, one need to introduce axial,
pseudoscalar and eventually strange form factors of hadrons.

The weak interaction corresponds to the exchange of charged W*-bosons (charged
currents) and a neutral Z%boson (neutral current). The neutral current gives contri-
bution (Fig.1.2b) to all processes discussed in this work, because the Z°-boson has the
same charge and spin as the photon. According to Standard model lepton EM current

and the weak neutral current (NC) can be expressed as

EM lfM = 1eQuuy,w = 1eQl, (1.12)

. MZ _ _ . MZ
NC lfLVC = ng (g\J;UI'YuUl + gf;uﬂu%uz) = 294MW (EI‘];lu + 95@5) )

where g and e(= gsinfy ) are weak and EM coupling strengths, Q; is electromagnetic
charge of the lepton, g";, gf; are vector and axial-vector weak 'charges’ of the fermion f

(given in table 1.1) and Mz, My, are masses of Z° and W bosons.

fermion g{; gfl
Ve, Vy, Vs 1 —1

e, 1,7 | =1+ 4sin® Oy 1
u, ¢t 1—38sin’6y | —1
d,s, b —1+3sin’by | 1

Tab. 1.1: Standard model values for neutral current couplings of elementary fermions.
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e p e p

Fig. 1.2: Leading order amplitudes for scattering of electron on proton. (a) exchange

of photon, (b) exchange of Z° boson.

On the other hand, hadronic currents can not be fully described within Standard
model. As we know, EM hadronic current is a vector (JfM ) and neutral hadronic

current is composed from vector and axial-vector parts

JNC = JNeV 4 e, (1.13)
Since hadrons are composed of quarks, the currents JYM, JY¢V and J}%C’A are the

hadronic matrix elements of the electromagnetic, vector and axial-vector quark current
operators

EM _ NGV
JEM = (H J!

2 2

TEM NC)V _
JEM|H) Y =

H> L JheA <H‘j]\gC’A‘H>, (1.14)
where |H) is any hadronic state and

. B . _ SNC,A _
JA?M - Z QqligVulq , Jl]lVC’V - Zgg/quMUq ; J;% - Zgiuqﬁm%uq’ (1.15)
4 q

q

where, in general, the expressions are summed over all quark flavors - u,d,s,c,b,t. How-
ever, we will assume that the structure of the hadronic states is dominated by the lighter

quarks - ¢ =u,d,s. The error introduced by neglecting the heavier quarks is expected

to be of order 10~ for vector currents (ij , j/iV V) and 1072 for axial-vector currents

( SNC,A

5 ). Within such approximation one can decompose the current operators in terms

of SU(3) octet and singlet currents

u

~

a 1—a 1(a 1—a
Vi = i g, AR = SaX e, a= [ d | (1.16)

S
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where g represents the triplet of quarks, \° = %1 and the \*;a = 1,...,8 are the Gell-
Mann SU(3) matrices. While neither EM current nor neutral current change the flavor of
quarks, only SU(3) components without non diagonal terms (a = 0, 3,8) can contribute

to the EM and weak currents
0 _ g d+ s @) _ g 7
V) = g(uyﬂu +dyud +5ys), V)Y = é(uyuu — dy,d),

~ 1 - _
VM(8) = ——(uy,u + dy,d — 25v,s),

2V/3
i~ L dy,ysd + 5 Av = 1 dy,ysd
w = @nnsu+ dyrsd + yss) ALY = S(@su — dysd),
1 5 _
Ay = 2_\/§(u7u75u + dyuvsd — 25%/755)7
where, at the level of strong isospin, the Oth and the 8th SU(3) components are isoscalar
operators and the 3rd SU(3) component is an isovector operator. Now we can use Eq.

(1.15) and known EM charges of quarks to express the EM hadronic current as

. 2 1- 1_
JEM = U — gd'yud — 35S, (1.17)

which imply that the EM hadronic current can be expressed by using only the 3rd and
the 8th SU(3) components as

R 1 - .
EM _ _ (8) 3)
S = \/§Vu + V7, (1.18)
where J, ME=0) - %5‘7;58) is an isoscalar part of the hadronic current and J; MT=1) —

\A/f’) is an isovector part of the hadronic current.
Since we want also to extract the strange contribution to the hadron structure, it is

useful to note the relation between 2 isoscalar currents

~ 2 A A 2 . R
0) — (8) (s) 0) — (8) (s)
V)W = ﬁvu + V7, ALY = %A“ + A,
ALES) = 57,5, A/(f) = 57,755 (1.19)

By using these relations one can rewrite the weak neutral currents (1.15) as

N _q 2 _ _0 3 _ 0) (s
J/ivc,v _ 55 1J5M(T D4 \/355 OJMEM(T 0) +§\(/)Vu( )7
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where values of £ couplings are obtained in the similar way as in the case of the EM
hadronic current (1.17) and their values are given in Tablel.2. An advantage of this

approach is extracting of the strange contribution to the weak currents.

coupling \(/0 ) v v
value | gt + gt + v | 9t — gV | V3(gt + g

coupling ff) =t A
value | g4+ 9% + 9% | 94 — 9% | V3(g4 + 9%)

Tab. 1.2: Standard model values for neutral current couplings.

1.3 Axial and strange nucleon form factors

The nucleon matrix elements of the EM and the neutral hadronic currents (1.18,1.20)

are restricted by Lorentz, parity and time invariance to the general forms

(NGIEYIN D)) = 00) | i + i Lo | o

(N[JYOVIN(p))y = a@') | Fild®)v. + i%i)aw,q"] u(p)

a(0) | Galq?), + S20)

(N@)| T35 N (D))

qu] Y5u(p), (1.21)

where p/,p are four momenta of incoming and outgoing nucleon, ¢ = p’ — p is four
momentum transferred, Fi, F5 are usual EM Dirac and Pauli form factors, ]51, ]52 are
their weak analogy and G4, Gp are axial and pseudoscalar form factors. Similarly to
the definition of EM Sachs form factors, weak electric and magnetic form factors are

defined as
Ge(q®) = Fi(¢®) —7F(¢®) . Gul(d®) = Fi(¢®) + Fa(d?), (1.22)

Now if one defines the nucleon electric/magnetic isoscalar/isovector form factor as

G5t = (G- CY), G5 = (Gh+Gh)

l\DI»—t

G = (Gp -Gy, Gy = %(Gﬁ’uth"M) (1.23)
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then, according to dependence of the weak hadronic vector neutral current (1.20) on
isoscalar and isovector EM hadronic currents, weak electric and magnetic form factors

can be written as
GY = VBGGT 76T + 606N, X=E,M, N=np,  (1.24)

where one use + for proton and — for neutron form factors. Also axial-vector form

factors can be decomposed as
GY =3P + 176 + VG, X=AP, N=n,p. (1.25)

As we can see now, the electroweak structure of the nucleon can be described by set

of 10 form factors - G&,, G%,, G, G, GY G, Gn, Gh,, G G,

1.4 Measurement of the weak/strange structure of the nucleon

Up to now, the weak structure of the nucleon has been already measured by several
different experimental methods.

Both axial and strange form factors of the nucleon can be determined from the
measurement of (anti)neutrino scattering on protons (v + p — v + p), from the mea-
surement of pion electroproduction near threshold (e + Ny — e + Ny + 7 ) and from
the measurement of asymmetry in parity violating elastic electron-nucleon scattering
(e+ N — e+ N). The normalization of the pseudoscalar form factor can be determined
from the measurement of ordinary muon capture by proton (u~ +p — v, + n) and its
behavior by radiative muon capture (= +p — v, +n+ ).

Let us take a look at the measurement of asymmetry in parity violating electron-
proton (ep) scattering. In ep scattering both photon and Z° boson exchange enter the
reaction and in principle ep scattering experiments probe both the electromagnetic and
weak neutral currents. However the electromagnetic interaction is for ¢*> < M2 several
order of magnitudes stronger than weak interaction. In order to detect very small
weak neutral current contribution to ep scattering one must use difference between
electromagnetic and weak interaction - parity violation, which comes purely from weak
interaction. It causes an asymmetry between differential cross sections for scattering of

longitudinally polarized electrons parallel (+) and antiparallel (—) to their momenta,
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because their nonzero difference means violation of parity. The exact definition of this

parity violation (PV) asymmetry is

doy do-
A d9de g0 WTV(ee)
M doy oo TR (ge)
ds? ds

£ = {1 +2(1 + 7) tan® @ﬂ B : (1.26)

where W(V)(¢? ¢) is the parity violating part of the differential cross section and can
be evaluated from given forms of the proton neutral currents (1.21 ,1.22) and neglecting

G p contribution as

WO = = o5 [sOBGE) + TOR A
N +T>7G€w<q2>éi<q2>] (1.27)

the total form factor F%(¢?, ¢) of proton equals

F6.9) = s (O + (G (a?)) (1.29)

and normalization A9, = ¢°G,/2v2ra, where G, is Fermi constant for muon decay.
Inserting relations between NC and EM form factors (1.24) allows us to write the PV

asymmetry for proton as

Aunlen) = = A€ + [FOU@ G+ €06) + OG0 + 606

— (1 —4sin®0y) /(1 — 2)(1 + 7)7GE,GY,

/ 2[=(ch)? +T<Gﬁ4>2}],

(1.29)
where definition of &}, £ couplings is
1, _ 1 _ _
& =& VBT, ==+ VEET), (1.30)



1. Electroweak Form Factors of Hadrons and Atomic Nuclei 18

As we can see, PV asymmetry of ep scattering really depends on new form factors
Gg) , Gg\fl), G",. Together with experimental data on other observables measured in pro-
cesses mentioned at the beginning of this section, it can be used to separate data on

these form factors.



2. POLARIZATION OBSERVABLES -
INTRODUCTION

2.1 Necessity of additional observables

The standard Rosenbluth separation method allows to extract only 2 independent real
structure functions A(t), B(t), from angular distribution of unpolarized differential cross

section
do  a*E cos?(0/2)

dQ ~ 4E3sin*(0/2)

describing an elastic scattering of electrons on hadrons with arbitrary nonzero spin.

[A(¢®) + B(q®) tan*(6/2)], (2.1)

While electromagnetic form factors are real functions in space-like region and com-
plex function in time-like region, 2 structure functions extracted from Rosenbluth sep-
aration are sufficient only for the full description of spin 1/2 hadrons in the space-like
region. In order to describe structure of spin 1/2 hadrons in the time-like region one
needs 2 additional real observables and for spin 1 particle one need 1 additional real
observable in the space-like region resp. 4 additional observables in the time-like region.

The solution to this problem lies within the polarization observables, which describes
dependence of the differential cross section on polarization of initial and final particles

in a scattering or annihilation process.

2.2 Experiments with polarized particles

Nuclear scattering experiments in which polarization of one or more of the particles was
known or measured have been performed since '50 of the previous century. In general

there are 5 classes of such experiments:
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e a+ b — ¢+ d polarization experiments

ea+b—c+d analysing power experiments

e a+b—c+d polarization transfer experiments

e @+b— ¢+ d spin correlation (initial channel) experiments
e a+b— &+ d spin correlation (final channel) experiments.

Experiments which involve polarized particles in the final channel imply usage of some
device to measure the polarization of outgoing particles. It is usually done by observing
an asymmetry of a latter scattering. Experiments with polarized particles in the initial
channel measure effects like a modified differential cross section or a ’left-right’ asym-
metry. In this work we will discuss results of the nucleon polarization experiments from
Jefferson Laboratory and the measurements of the deuteron polarization observables
in the space-like region. We will also take a look on a possible measurements of the

polarization observables in time-like region of the nucleon and the deuteron.

2.3 Formalism

In this section a formalism ([7]) for the description of a polarization phenomena will
be shown on an example of spin 1/2 particles. Usually polarization observables are
measured in scattering of polarized e* (resp. p*) on hadrons (e.g. nucleons, deuteron)
and a polarization of outgoing particles is measured by latter scattering.

According to Dirac theory a free electron/muon (¢) quantum state, with mass my,

4-momentum p* and spin s*, is described by a wave function

Yy s(T) = W\/%u(p, s)e T, (2.2)

which satisfies the Dirac equation

(170 — mu)p,s(x) = 0 (2.3)

and where u(p, s) is a 4-component spinor of examined lepton, which satisfies

(p —me)u(p,s) = 0. (2.4)
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The Dirac equation (2.4) can be easily solved in the rest frame of examined fermion,
where p,, = (my,0), and solution in actual frame can be obtained by boost transforma-

tion. The Eq. (2.4) then becomes

I A T T
OW%—mwn@—w( 1_4>um@, 25)

which has following solutions

maa=wa(g>, (2.6)

where ( is 2-component Pauli spinor normalized to (f¢ = 1, which determines the spin
orientation of the Dirac solution u(p, 3) in terms of Pauli matrices.

Therefore a single spin 1/2 particle, in its rest frame, can be represented by a Pauli

c:(j) (2.7)

and an expectation value of an observable corresponding to a particular hermitian op-

spinor

erator € is defined as

Oy 0
«D:gMC:mmp( H 12><al>:mﬁgn+mﬁ9m+m%mﬂm;@8)

QTQ QQQ a9

Now it is convenient to define the density matrix

p—@“—<”w “@>, (2.9)

asaj |as|?

which simplifies Eq.(2.8) to
(Q) = Trpo. (2.10)

In the case of a set of N particles, the average of the ) expectation value in the set is

N
Q) =) ¢imac™, (2.11)
n=1
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where the spinor for the nth particle is defined as

)
¢ = ( s ) (2.12)
a
2

and Eq. (2.11) can be again written in terms of density matrix as

N N ()2 N (n) (n)x

T 1 1 Z 71|a1 | Z 1a1 Qg

@Q=TrpQ  p==) g<n>§<“ﬁ:—< A . (2.13)
N = N\ SN afa SN (el

Due to the normalization, the expectation value of operator of the identity, represented

by unit matrix 1, should equal 1

N
1 n n
(1) = Trpl = Trp = % > (o P + oy P) = 1. (2.14)
n=1

Now one can use this formalism to describe polarization states of a set of spin 1/2
particles. Orientation of a spin along x, y or z axis is specified by the usual Pauli spin

operators o,, 0, and o,

01 0 —i 10
O = ;7 Oy = . v 0z =
10 i 0 0 -1

and expectation values of the polarization along particular axis are

Pz = <0-ac> = Trpo, = — ZRG a’ln) o

py = (oy) =Trpo, = Zlm al (n)*
n=1

N
1 n
P <az>:Trpaz=N§jral>|2 &), (2.15)

These quantities are also called degrees of polarization.
While the spin 1/2 density matrix p is hermitian, it can be expanded in terms of the

set of matrices 1,0,,0,,0. as

4
p= Zaiai, (2.16)
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where o; denotes identity and Pauli matrices and by using of definitions (2.15) and

Tl"O'Z‘O'j == 2(5@', (217)
one finds that
2a; = Trpo; = p,. (2.18)
Therefore the spin 1/2 density matrix can be written in terms of polarization expectation
values as
1
p= 5L+ pe0s + pyoy + p:0s). (2.19)

In the simple case of a scattering with a spin structure % +0— % + 0, we will show
the dependence of differential cross section on polarization of spin 1/2 particles.
As far as quantum mechanics is a linear theory, the spinor that describes the outgoing

spin 1/2 particle is related linearly to the spinor of the incoming spin 1/2 particle
G = MG, (2.20)

where M is a 2 X 2 matrix whose elements are functions of relevant energies and angles
of the reaction.
The density matrices of the initial and final states may be written according to (2.13)

as X N X N
pi=5 26T = 2l (2.21)
n=1 n=1

The trace of initial state density matrix is normalized to 1. On the other hand the
trace of density matrix for the final state corresponds to differential cross section for the
polarized beam

1(0,¢) ~ Trp; = TrM p; M, (2.22)

where relation between py and p; can be derived from Eqgs. (2.20,2.21). The differential

cross section of unpolarized beam, with density matrix

110
=50y 1|

Io(6) ~ %TrMMT. (2.23)

can be reduced to
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In order to calculate the expectation value of polarization of the scattered particles, one

need to use modified density matrix p; normalized to 1

Pf
Trp;’

Py =
which similarly to definitions (2.15) leads into

—~  Trpsoy,
1) = —" 2.24

Pl

where k indicate the direction of outgoing particle polarization.
Now by substitution of the initial density matrix expansion (2.19) to the formula for

differential cross section (2.22), one can easily derive

3
1(0,¢) = TrMp;MT = Iy(0) (1 + ijAj(9)> : (2.25)
j=1
where oMo At
() = M9
A440) = —anm (2.26)

is the analysing power of the reaction for the jth initial polarization component. Sim-
ilarly one can derive an expression for differential cross section for the case when the

polarization of outgoing spin 1/2 particles along k-axis is measured

(6, ¢) = 1o(0) (Pé(9) + ZPJKJ’-“(@)) : (2.27)

where
~ TrMM'oy,

Fu(®) = TeM Mt

is the kth component of the polarization of outgoing particle produced by an unpolarized

(2.28)

beam and
_ TrMo; Moy,

KE(9) =
i) TrMM*t
is the polarization transfer coefficient that relates the jth initial polarization component

(2.29)

to the kth final polarization component. All off the polarization observables may vary
between —1 and 1 for the present spin 1/2 case.
Actually the forms (2.25,2.27) for the differential cross sections are the most general

forms allowed by the conservation of the angular momentum and in the concrete cases
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(like the different spin structures of reaction) some of the polarization observables can
become zero as we will see in next chapters concerning polarization observables.
Moreover the fermion spin state can be described also by the polarization 4-vector
s# defined in the lepton rest frame, where p* = (my,0), as = (0,€) where € is a
unit 3-vector pointing in the direction of the electron spin. The polarization 4-vector
s* in actual frame can be again obtained by Lorentz transformation of s#. It satisfies

following constraints
sp=0 s-s=-1 (2.30)

and it is related to 5 as

st = (s9,8) = (ﬁ. g, £+ p-¢) ) : (2.31)

my my(me + po)

It can be used for the calculation of processes with polarized fermions, where

L. .
ul = §(p +my)(1 — 58) (2.32)
and antifermions, where
L. .
Vo = §(p —myg)(1 — 55). (2.33)

In the special case when s, describes fermion polarized along particular axis and degree
of polarization A (expectation value of the polarization) along this axis is lower than 1,

expressions (2.32, 2.33) are modified to

1 . .
Ul = 5(]9—1— mye)(1 — Avys8).



3. POLARIZATION OBSERVABLES -
EXAMPLE OF CALCULATION

3.1 Motivation

The aim of this Chapter is to give a pedagogical derivation of polarization observables
for the annihilation reaction et +e~ — N+ N. The reaction mechanism is one photon +
two photon exchange, the latter is described by an axial parametrization. After deriving
the general expressions for the cross section of a binary process, the matrix element
is written in terms of three complex amplitudes. The method to derive polarization
observables is detailed and all expressions are given in terms of generalized form factors.
The strategy for determining physical form factors in annihilation reactions in presence
of two photon exchange is suggested, on the basis of model independent properties of

the relevant observables.

3.2 Differential cross section

Let us define the cross section ¢ for a binary process

a(pr) + b(p2) — c(ps) + d(pa), (3.1)

where the momenta of the particles are indicated in parenthesis. The cross section o
characterizes the probability that a given process occurs. The number of final particles
issued from a definite reaction is proportional to the number of incident particles Np,
the number of the target particles Ny and the constant of proportionality is the cross

section:
NFIO'NBXNT. (32)
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The cross section can be viewed as an ’effective area’ over which the incident particle
reacts. Therefore, its dimension is cm?, but more often barn (1 barn=10"2® m?), or fm?
(1 fm=10""% m).

An useful quantity is the luminosity £, defined as £ = Np [s~!|Nr[cm?]. For sim-
ple counting estimations, Ny = o£. This is an operative definition, which is used in
experimental physics.

On the other hand ¢ needs to be calculated theoretically for every type of process.

The present derivation is done in a relativistic approach. This means that
1. The kinematics is relativistic;

2. The matrix element M, which contains the dynamics of the reaction is a relativistic

invariant. In general it is function of kinematical variables, also relativistic M =

f(s,tu);
3. o has to be written in a relativistic invariant form;

The starting point is the following expression for the cross section

2
do = —|M‘

(27)*6™ (p1 + p2 — ps — pa)dP, (3.3)
which is composed by four terms:

1. The matrix element M, which contains the dynamics of the reaction, and it is

calculated following a model:
2. The flux of colliding particles J;
3. The phase space for the final particles, dP;

4. A term which insures the conservation of the four-momentum 6 (p; 4 py — p3 —
ps4) which is the product of four ¢ functions, because each component has to be

conserved separately.

Let us calculate in detail each term.
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3.2.1 Definition of flux

The flux is defined through the relative velocity of incoming and target particles:

T = nngpvpe, (3.4a)

T=4y/(p1 - po)? — MEM3, (3.4b)

where Mj(Ms) is the mass of the beam (target) particle, v, is the relative velocity
between beam and target particles and the densities of the beam and target particles
npg,nr are proportional to their energies as n; = 2F;.

Let us prove that the two expressions (3.4a) and (3.4b) are equivalent. It is more

convenient to calculate Z (Eq. 3.4 ) in the laboratory frame where the target is at rest:
pr=(E1,p1), pa=(M,0), [va| =00 — 0 = = np=2E1, nyr=2M,. (3.5)

Replacing the equalities (3.5) in Eq. (3.4a):

T = 2E12M2@ = 4Ms|pi |
Ey

and in Eq. (3.4b) :
(p1 - p2)® = MYM5 = M3 EY — MYM; = My(EY — M) = M3|pi|*, — T = 40Ms|pi]

and the equalities (3.4) are proved. Moreover, we prove also that the flux does not
depend on the reference frame, because it can be written in a Lorentz invariant form.

Let us consider the center of mass system (CMS):
D1 = (El,];), pa = (B, _E)v p1-p2=Ei By + \E|2, M12 = E% - ’E|2> ]\/[22 - ES - |E|2
and
(p1-p2)* = MiM; = EYE; + 2B Bkl + |k — BYES + |K[*(E] + E3) — |k[*
= |k[2(By + E5)* = |k|*W>. (3.6)

The flux, Z, can be written as
T = 4k|W, (3.7)

where W = E| 4+ F5 is the initial energy of the system in CMS.
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3.2.2 Phase space

The phase space for a particle of energy F, mass M and four-momentum p (the number

of states in the unit volume) can be written from quantum mechanics in an invariant

_[d'po(p* — M?)
dP—/ o o(E)

where the ¢ function insures that the particle is on mass shell and the step function

form:

O(F) insures that only the solution with positive energy is taken into account.

Explicating the term which depends on energy:
d*p §(p* — M?) = 8*pdES(E* — p* — M?).
and using the property of the § function
1
OLf (x))dx = , (3.8)
/ 2 |/ (@s)]

(z; are the roots of f(z)), with f(F) = E? — p? — M?, and f'(F) = 2F one finds:

/dEé(E2 — P = M*O(E) = —.

For the considered reaction:
d*ps d*ply
(27T)32E3 (27T)32E4 .

P =

3.2.3 Calculation of the cross section

The total cross section can be written as:

(2m)*

0= / M2 (py + pa — p3 — pa)

d’py  dpl
(27T)32E3 (271')32E4 ‘

(3.9)

One can see that it corresponds to a six-fold differential, but four ¢ functions are equiva-
lent to four integrations. So finally, for a binary process one is left with two independent
variables, (E,0) or (s,t). For three particles, one has nine differentials, four integrations
i.e., five independent variables.

The term 6 (p; + py — ps — p4) can be splitted into an energy and a space part:
W (p1 +p2 —p3 — pa) = 6(By + By — E3 — Eg)0® (1 + pa — 3 — Pa)-
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Note that
[ 090G+ = - =1 (3.10)
in any reference frame.

Let us use spherical coordinates in CMS (p3 = (E3,p), pa = (Ey,—p), d&°p =
|p]2d2dp)and consider the quantity J:

d®ps |p12d2dp
=0(Fh+ FEy— E3— FE =0(W — E3 — By)——— 3.11
J (B + By 3 4)4E3E4 ( 3 1) AESE, ( )
where
ES = M3 + |p®, E} = M} + |pl* — E3dEs = E4dE, = |pldp.
After integration, using the property (3.8):
dE3|pldQ s 1
J = /5(W— Es — Ey) Z'? = ‘TE y , (3.12)
4 4
FToA (W — E3 — Ey)
where p IE 5 W
— (W=-E3—E)=-1——=-1-2=_—_ 3.13
dEg( 3~ B dE; E, B (3.13)
and therefore 719
p
= —. 14
J =" (3.14)

Substituting Eqgs. (3.7, 3.14) in Eq. (3.9) we find the general expression for the

differential cross section of a binary process, in CMS:

do _ |MP|pl

= —, 3.15
d€2 64722 (k| (3.15)
and for the total cross section:
2
o= [ 2L g0 (3.16)
64m2W2|k|
In case of elastic scattering, |k| = |p], therefore:
do M? 112
= = = | F® 1
aQ 64722 1# (8:17)
M|

ith the elasti litude Fe = .
w1 € elastic amplitude 87TW
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N(p, )
0

e” (k)

e~ (k)

N(p, )
Fig. 3.1: Annihilation e~ + et — N + N in CMS system.

For the annihilation reaction considered here, e* 4+ e~ — N + N, neglecting the mass

of the electron, one has:
- W W
|k]:7, pl=VE*-M?=FE 1—M2/E?:—2 3,

and

d_o_ann B |M|2B
Q. 64n2¢?’

where 3 = /1 —4M?/q? and ¢* = s = (py + p2)*.

(3.18)

3.3 Axial parametrization of the matrix element

In presence of two photon exchange (TPE), the matrix element of the reaction e~ (k) +
et (ky) — N(p1) + N(ps), can be parametrized by three complex amplitudes. In the
present derivation we will use the following expression for the matrix element of this

reaction, taking into account the TPE contribution,

M = _%{ﬂ(—kz)wu(h)ﬂ(m) {ﬁl((/ﬁ +k2)?, (k1 = p1)*)
_FQ((kl + k)%, (k1 — p1)?)

) oyt | 1)

+u(—ko) v ysu(kr)u(p2) v ysu(—p1) An (K + k2)2, (k1 — pl)Q)}v (3.19)

where m is nucleon mass, ki and ky are electron and positron four-momenta, p; and ps

are antinucleon and nucleon four-momenta and ¢ = ky + ko = p; + p2. The first two



3. Polarization Observables - Example of Calculation 32

amplitudes contain the contributions of 1y Q) 2y exchange, whereas the third amplitude
is fully induced by 27 exchange. Ay can be parametrized in different but equivalent
ways. Here we use the axial parametrization that describes the exchange of a 17 particle.
The spin and parity of the transition induced by TPE can be any, but the C-parity must
be positive (whereas it is negative for 17y exchange).

The three complex amplitudes, PN’l N, FQN and Ay, which generally are functions of
two independent kinematical variables, (k; + k2)? and (k1 — p;)? fully describe the spin
structure of the matrix element for the reaction e* 4+ e~ — N 4+ N - for any number of
exchanged virtual photons, because they contain C-odd and C-even terms.

This expression (3.19) holds under assumption of the P—invariance of the electro-
magnetic interaction and conservation of lepton helicity, which is correct for standard
QED at the high energy, i.e., in zero electron mass limit. Note, however, that expression
(3.19) is one of the many equivalent representations of the e* + e~ — N + N reaction
matrix element.

In the Born (17 exchange) approximation these amplitudes reduce to:

FlBorn((k,l + k2)2’ (kl — p1)2) = Fl(q2)7 F2Bo7‘n(k1 + k?2)2, (kl - pl)Q) = F2<q2)7
AB™ (ks + ko), (R — p1)?) =0, (3:20)

where F}(¢?) and Fy(q?) are the Dirac and Pauli nucleon electromagnetic form factors
(FFs), respectively, and they are complex functions of the variable ¢?>. The complexity
of FFs arises from the final-state strong interaction of the produced NN —pair. In the
following we use the standard magnetic G;(¢?) and charge Gg(¢*) nucleon FFs which
are related to FFs Fi(¢?) and Fy(¢?) as follows

Gu=F+F, Gg=F +T1F, T:i > 0. (3.21)

4m?

By analogy with these relations, let us introduce a linear combinations of the F} 5(¢?,t)

amplitudes which in the Born approximation correspond to the Sachs FFs G, and Gg:

GM((kl + k2)2, (ky — p1)2) = Fl + F27
Go((ky+k2)?, (ky —p1)?) = Fi+7F. (3.22)

The matrix element (3.19) can be rewritten in terms of vector and axial electromagnetic
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currents: 9
€ -V v ~(a a

where j, j% are vector and axial lepton currents and J, J\ are vector and axial

nucleon currents

F:

e u(—ko)yu(ky), Jff) = u(pa) | Fiyu — ﬁg/ﬂ/%] u(=p1),

@ o 1
g = a(=ka)yysulks), 9 = a(p2)vuvsul—p1)An, O = 5[%;%]~ (3.24)

Then the differential cross section of the reaction e~ + et — N + N in CMS according

to (3.18) can be written as

do 0425 (v v -(a a (v [ (a a)\*
o = E(]Iyt]lg)ﬂl(‘)(]m(Jpjpﬂpjy)
a?f N e? 1
_ (v) ;7 (v) (i) (i) _° _
= 1 [LWHW +2Re(LWHW)] L= o= o

where we neglected terms proportional to A% (since the amplitude Ay is entirely due
to the TPE contribution, which is of the order of o). The "vector’ (v) and ’'interference’

() leptonic/hadronic tensors are defined as

L) = j0 50 L0 = i) j0x gl = g0 g gl = gl e, (3.25)

g j

Note that the term proportional to the Dirac-like FF, F}, in the expression for the
nucleon vector current, J,(f), (3.24) is gauge invariant, when both particles (N, N) are
on mass shell. The second term proportional to the Pauli-like FF, Fy, is always gauge

invariant:
1 1

A A

(Ouw@n)q, = 5(%% — VY)W = §(qq —4q) = 0.

It is possible to find other forms of the nucleon vector current J;(f) , which are equiv-
alent only for on-shell particles. In our case nucleons are the final particles, therefore
they are on-shell.

Let us show that for on-shell nucleons the expression for the J,(f) (3.24) can be simpli-

fied by using Dirac equations! for particles (nucleon - p) and antiparticles (antinucleon

LTt is correct only when nucleon and antinucleon are on mass shell (real particles), i.e., they satisfy

the Dirac equation.
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- p1)

u(p2)(pa —m) =0 = a(pa2)pz = t(pa)m
(P1 +m)u(—=p1) =0 = pru(—p1) = —u(—p1)m

and the properties of Dirac matrices : {v,, v} = 2., where g, is the metric tensor
of the Minkowski spacetime, ab + ba = 2ab, av, + y.a = 2a,, where a and b are four
vectors.

Let us develop the term accompanying Fh:

N

U(p2)owqu(—p1) = @ﬁhmw—%%Mw&mﬂZ%Mmﬂwé—mww—m)

I~

(p2) [Vu(P1 + D2) — (P1 + P2)ypu] w(=p1)

I~}

(p2) [yu(=m + P2) = (P1 +m)y] u(=p1)

I

(p2) [—Qm’yu + (’Yuﬁ? - 1317#)] u(—p1)

I~}

(p2) [=2my, + (2p2p — P2 — 2P1 + Yub1)] u(—p1)

NN RN RN =N =N -

u(p2) [—4my, + 2(p2 — p1)u) u(=p1). (3.26)

Replacing in the expression for J\", BEq. (3.24):

. . E
Jl(f) = u(p2) |(F1 + F2)v, — ﬁ(m - pl)u] u(=p1)

~ . F
= u(p2) (F1+F2>’YM—E2PM

u(—=p1), (3.27)

where P = (p2 — p1)/2 and F\, F, can be substituted by generalized magnetic and
charge nucleon FFs, Eq. (3.22):

v _ - X Gun(t) — Gen(d 1)
J!(L ) = (py) [GMﬁN(qQ,t)% — (1= 1) P, u(—p1). (3.28)
For simplicity, we will use in our calculations:
Gun —G
M,N E.N _ GQN- (329)

m(1l—7)
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3.4 Lepton and hadron tensors

We give a detailed derivation of the tensors, in particular of the lepton tensor, by

explicating the matrix components.

3.4.1 Lepton tensors

The calculation of the leptonic tensors leads to the calculation of a trace. Let us give
the explicit derivation. From Egs. (3.24,3.25), the expression for the "vector part’ of the

leptonic tensor is:

LSL) = u(—ko) v u(ks) [u(—k2) (k)] (3.30)
Using the definition u(—ks) = u(—ky)ys = u*(—k2)v4 and the following properties of
the v matrices: 7§ = va, (74)ij = (Va)jis (Ya)ki(V4)im = Okm, the complex conjugated

term can be written as

[@(—ka)vou(k)]” = [u" (=k2)vamuk)]” = w(—k2)vivou” (k). (3.31)

In component form (with spinor indices):

wi(—=k2)(73)ii (V) () = u(=k2)i(74)ij (1) jkOkmt” (K1 )m
= u(—k2)i(va)is (%) (V) (V)i ™ (K1 )
= Uy (k1) (7a)m z(%)m(%)m(%)yzuz( 2)
= a(k)yayiau(—ka) = a(ky)yu(—ks).

Therefore
[@(=k2)vulk:)]” = a(ky)vu(—ks). (3.32)
This result will be used all along the paper, with other terms between bispinors (7,

Y5, PI/)
Let us write the tensor (3.30) in component form

LY = a(—k2) () igulke) jiia(k) (1) abts(— k)
= up(—k2)ui(—k2) (Vu)ijws (k1) e (k1) (7 )ab
= (p2)si(V)is(P1)ja(W)ab = Trlu(—ko)u(—ko) v ulkr)u(ki)v),  (3.33)



3. Polarization Observables - Example of Calculation 36

where we applied the property that a product of matrices is a matrix and the first and
last indices coincide: TrA = )", Ay,. The density matrices p = u(p)u(p) for polarized

and unpolarized particles and antiparticles are given in the Table 3.1.

particle antiparticle

~

unpolarized p+m p—m

polarized | (p+m)3(1=53) | (h—m)3(1 = 159)

Tab. 3.1: The density matrices for polarized /unpolarized particles and antiparticles.

The polarization four-vector s is related to the unit vector along polarization of the

particle in its rest system, 5 by

- )
m(m+ E)’

1 bd

so=—p-E; §=E+ (3.34)
m

Let us consider firstly unpolarized incoming positron and longitudinally polarized

incoming electron. In this case the leptonic vector tensor, can be written as

7 7. 1 A v v
LELU) =Tr <k2 - me)’yu(kl + me)§<l - 753)%/ = LELU) (O> + wa)(s> (335>

v

and expanded as a sum over polarization states.

The unpolarized lepton tensor : L,(]J,,)(O)

Let us extract the part of the leptonic vector tensor which does not depend on polar-
ization:
(v) 1 2 I 1 ) 2
Ly (0) = STr [(k’z — me)yu(kr + me)%] =3 [Tr(kmkwu) —m.Tr (%%)] :
Using the rules for calculating the traces of Dirac matrices : Trvy,v, = 4g, and
TT’Vp’Yu'YU%/ = 4(gpugm/ + GuoGvp — gapg,uu) one finds:
LELUV) (0) =2 (klkaM + kllthV - kl‘kQ,guu - ng,u,l/) = _q29uu + 2 (kll/k:Z[t + klqulI) )

(3.36)

where we used identity

2
@ = (ky + ko)? = K2 + 2erky + k2 = 2(m2 + kiko) = knky +m?2 = % (3.37)

The tensor describing an unpolarized electron is symmetric.
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The polarized lepton tensor : L,(}’V)(S)

For the polarized part of the lepton tensor one has

1 > > .
LENS) = =5Tr [tk = mo)ulhs +me)rssv |
1 R Ao
= —5Me {Tr [%kz%svu] —1Tr [’mukls%}}
= 2myi (kopsv) — 2mei (ukysv) = 2mei (uvsq) , (3.38)

where we used the notation

Tr(vsVu Yo Ye) = —4icupe = —4i (uvpo)

and the properties of permutations of Dirac matrices. The greek letters u, v are used
for the uncontracted indices of the antisymmetric tensor €,
One can check that the tensor Lfff,) (S) (3.38) has the following property, which follows

from current conservation:

Qu - L;(AUV)(S) = EuvopSoldpqu = 0

as it is the product of an antisymmetric tensor (£,,,,) times a symmetric tensor g,q,.
When the electron is longitudinally polarized (€ || ki — & -k = |ki| = /E? —m?Z ~

E), the components of the polarization vector s, (Eq. 3.34) become

E . - iy |2 . E? —m? _E k
80:_38:§(1+ﬁ>:§(1+—):§_71'6'7‘9#:/\6 1M’

Me Me me(E + me) Me Me
(3.39)
where the helicity A\, takes the values = +1 if E is parallel or antiparallel to k1. One
can see that the longitudinally polarized part of ’vector’ lepton tensor (3.38) is not

suppressed by the electron mass and it can be written as:

LY(S) = 2i\, (uvkiq) . (3.40)

j1%

Notice that the transversal component of the vector polarization remains unchanged
and should be evaluated from (3.38).
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The unpolarized lepton tensor : L,(B(O)

According to (3.24) and (3.25)
LY = a(—ka)yuy5ukn) [a(—ko)vou(k)]” = @(—ko)vuvsu(kn) k) you(—k),
resp.

LSI)/ = Trlu(—ke)u(—k2)vuysu(kr)u(kr)v,]

. . 1 A
= Tr [(kz — M) VY5 (k1 + me)§(1 — 755)%} : (3.41)
Again it can be divided to polarized and unpolarized part. For the unpolarized part

; 1 - - 1 - .
L,(ZZ(O) = §TT [(kz — me) VY5 (k1 + me)fy,,] = §T7’ [751432%]{1%} , (3.42)

which can be expressed as

i 1, .
LY(0) = 5 (A)Epavkiophio = 2i (uvkoky) (3.43)

The polarized lepton tensor : Lffl),(S)

The polarized part of L,(f,z is written as:

. 1 . . A
LE}),(S) = —§T7“ [(kg — me) VY5 (k1 + me)fyg,s%]
1 ~ 1 . .
= —§Tr [(kg - me)%meév,,} + §Tr [(k‘z —me)Vuk18v |, (3.44)

where we used 72 = 1. Eq. (3.44) can be simplified to
Loy = e [Tr(l% ) — Tr(v.kn 8 )}
v - 9 2V SV YuR18Vv
= —2me [kouSy + koS, — ko - $Gu — k140 + k1,8, — k1 - Sgu) -

In case of longitudinally polarized electron beam, with the help of Eq. (3.39), this

expression simplifies to:

LE(S) = Aela® g — 2(kaubry + k). (3.45)

pv
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Lepton tensor summary

The leptonic tensors for the case of longitudinally polarized electrons

LY = —~¢Pgu + 2(kika + ki ko) + 200 (uvkiq) (3.46)
LE = 2i (uwkski) + Aelg* g — 2(kruka + krka,)), (3.47)

where ). is the degree of the electron longitudinal polarization. We will consider that
the lepton is fully polarized, i.e., |\.|] = 1, but it shows explicitly which part of the

leptonic tensor depends on polarization of the incoming electron.

3.4.2 Hadron tensors

According to the definitions (3.25) and (3.28), H;(f,i) can be expressed as

HY) = a(ps) Gy — GoPulu(—py) [a(p2) (G — G P u(—py)]”
= U(p2) [Guyy — GoPpu(—p1)a(—p1) [Gyve — G5 Py u(ps) (3.48)
= Tr[u(ps)u(p2) [GM’YM — GoPJu(=p1)u(—p1) [Gyye — GP] -

Generally, taking into account the polarization states of the produced nucleon and

antinucleon, the hadronic tensor can be written as the sum of three contributions
H,, =H,(0)+ H,(s1)+ Hu(s1,s2), (3.49)

where the tensor H,,(0) describes the production of unpolarized particles, the tensor

H,,(s1) describes the production of polarized nucleon or antinucleon and the tensor

H,,(s1, 89) corresponds to the production of both polarized particles (N and N).
According to this notation and using the expressions of the density matrices from

Table 3.1, Eq. (3.48) can be written as:
~ N ~ 1 A ~yx *
HY) =Tr {(m +m) [Gmu - GQPM] (pr — m)§(1 —v581) |Gavw — GQP,,} } , (3.50)

which can be considered as a sum of polarized and unpolarized parts (similarly to the

leptonic tensor), sy, is the polarization four-vector of the antinucleon.
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The unpolarized hadron tensor : H\Y(0)

The unpolarized part of H,(f,i) can be extracted from (3.50)

1 ~ = A Yk *
HO(O) = 5T |2+ m) (Ca = GaPu) (b1 —m) (Girve = GaP)|
1~ ~ R . ~ N . " A
= 3 [GMG?WTT(]?z%pl%) + mG G5 P, Tr(payy) + GoG5 Py P/ Tr(papr)
+ mé’}kagPMTT(ﬁg%) — méMGZPVTr(%ﬁl) — mQCN}MCNJ}kwTT(VM%)

— MGy Ga P Tr(py) — m*GaGs PP T |

where we omit the terms containing an odd number of + matrices, since their trace

vanishes, and further simplify as:

H(0) = 2 |:|GM|2(p1up2u + prupou — (P1p2 + m?)g)
+ PMP,,(]GQP(ppo —m?) + 4mReéMG§)].

Now we can apply following identities

2
q i
pipe +m? = pipo —m? =2m*(1 — 1) ; piupa + Ppo = —— —2P,P,  (3.51)

2 2
to obtain
H;(jr)/) (O> = ng/ﬂ/ + HQPupm (352)
where g,uz/ = 9w — quy/q2 and
H = —¢Gul (3.53)

Hy = 4 [m2|G2|2(T 1) — |Gul? + 2mRe(éMG;)} .
The formula for Hs can be rewritten in terms of G and Gg

4 _ _
Hy = —— [|Gsl* - T\GMﬂ . (3.54)
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The polarized hadron tensor : H." (s;)

The polarized part of HSY) (also from (3.50))

1 ~ ~ ~ A vk *
HY)(s1) = —§T7" [(p2 +m) (GM’Yu - G2PM> (P1 — m)ys81 (GM% - Gzpuﬂ
1 o= o = e
= 5 [TT(]?QGM’YMP17581G2PV) + TT(P2GM%mV581GM%)
+ Tr(ﬁ2G2Puﬁ1’Ys§1é}k\4%) - Tr(méM7uﬁ175§1é*M’Yu>
1

5 [ - @MGSPVTT(75152%131§1) + m|éM|2T7"(75Z32%§1%)
+ Gy GaP Tr(vspapréiry,) — m|éM’2T7"(75%ﬁ1§1%)]
can be simplified

HY)(s1) = 2i|GuG5P, (pappisi) +m|Guy*((uprsiv) — (papsiv))

- ~7\4G2PM <p2p181V>]

= 2i[(GuG3) P, (vpapr1s1) — GuG3 P, (upopisi) + m|Gu|? (uvgsi) |

or alternatively in terms of G v and G B

() = s [ = 116w o)
+ iRe(GM(éE - GM)*)<P;L (vpapis1) — P, {ppap1s1))
+ Im(éMC?*E)(P# (vp2prs1) + P, (pp2prs1)) |, (3.55)

where we used Im|Gy/|> = 0 and identity
Re(A)(P,Qy — PrQ,) —ilm(A)(P.Qy + PrQ,) = AP0, — AP,Q,

which can be easily proved. Notice, that the first 2 terms in equation (3.55) are anti-

symmetric and the third (last) term is symmetric with aspect to the exchange p < v.

The unpolarized hadron tensor : H,Si)(O)

Using the definitions (3.25) and (3.28)

HE) = alp)ysu(—p)An [a(p2) (G — GaP)u(—py)]

. R 1 . . .
= Tr |:(p2 + m)%’YE)AN(Pl - m)§(1 - 7581)(GM% - GQPI/):| ) (3-56>
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which gives for the unpolarized part

; 1 ~ ~ Nk *
HO0) = 57|52+ m)ysAn (B —m)(Gigr — GsP)
1 = . . ) o
= §ANG}<\4TT[75p2’yMp1%] = 21ANGy (uvpapy) . (3.57)

The polarized hadron tensor : H,(f;,)(sl)

The polarized part of H\ follows from Eq. (3.56)

. 1 “ ~ N Vol *
Hﬁ?(&) = —éTT (P2 + m)v 15 AN (D1 — M) 551 (G — G5 F,)

1 [ A~ A * *
= EAN TT[(P2 + m)'Yumsl(GM% - GQP,,)]

+ TP+ m)iisi (G — G3R)|

1.7 . . .
= §AN — m*Gy P, Trv,$1) + mGy Trpayusi7)
— GEPTrpaiisi] + mG Trlyupsin]| (3.58)
and by applying rules for traces we get

H;SQ(SI) = 2An|— m2G;Pu81# — G;PV(p2up1 ©S1+ P1uP2 - S1— 1 'pgsm) (3.59)

+ mé*M(pQMSIV + PovSiy — P2 - S19uw +p1usly — P1vSipu + p1- Slguu) )
where
s1-p1 =03 81-p2 =514,
while s, is polarization four-vector of the antinucleon. Using Eq. (3.51) it can be

simplified (3.59) to

Hﬁ(ﬁ(sl) = 2AxN [2m2(7 —1)G3P,s1, — G3Pp1us1 - q — mé’*Mq © 819w

+ mé}k\/l(p2ll81'/ + PovSip + PipSiv — plusl,u)] s (360)
which can be rewritten in terms of the generalized Sachs FFs as
: . 2 - s - _
H;(B(Sl) = mAy [ —2q - 51G G — %(GM —Gg)'p1,P, (3.61)

+ (éM + GE)*(SI;LPQV + S1P2u) + (GM - GE)*<51up1y + S1uP1p)
- (GM + GE)*(Sluplu — S1P1y) — (GM - GE)*(Sl,uPZV — S1P2u) |
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where we can distinguish two antisymmetric terms and three symmetric terms (and the

term proportional to p1,P,) :

2p1uPu = pluPV +p1upu +p1uP1/ _plup;r

3.5 Differential cross section

The differential cross section can be written as the sum of unpolarized and polarized
terms, corresponding to the different polarization states and polarization direction of
the incident and scattered particles. In our case we consider just polarization of the
outgoing antinucleon and longitudinal polarization of the incoming electron (with the
degree of polarization \.).

do  doy,

m — W [1 + Pygy _'_ )\erfm + )\eszz] . (362>

3.5.1 Unpolarized differential cross section

The unpolarized differential cross section can be written as

dO'un azﬁ v v i i a?ﬁ
20 = g Lw OH(0) + 2Re( L (O HE(0)] = 75D,
where § = /1 —4m?/q? is nucleon velocity in CMS and
1 . ,
D = 5 [Li) (O H)(0) + 2Re(LE)(0)HL(0))] (3.63)

Let us calculate the first term of D. According to Egs. (3.36) and (3.52)

LEOOHD(0) = [~¢*gu + 2 (kikay + kiuko)] X [H1Guw + HyP,P,)

1224 uv
: ky.q) (k.
= —Hi'(d- Z—z) — Hyq*P? + 4H, (kl.kQ - W)
+ 4Hy(k1.P)(ko.P), (3.64)

where ki.ky = ki.q = ko.q = ¢*/2 and

2, 2 _ (B — . f.
p2_ (m 2p1p2):m <2 DL e g e oy (3.65)
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where E? = ¢*/4 and m? = E* — p2.
Let us define a coordinate frame in CMS of the reaction e* 4+ e~ — N + N in such
a way that the z axis is directed along the three-momentum of the antinucleon ().
Therefore, the components of four-momenta can be written as
p = (E,0,0,|51]) ; ki= (B, —|k|sind,0, |ki|cos0)
po=(E,0,0,~|5]) ;5 ko= (E,|ki|sind,0,—|ki|cosd)
qg=(2E,0,0,0) ; P =1(0,0,0,—|p1]), (3.66)
where |ki| = E = my7, |0y = VEZ—m? = my/T — 1 and 6 is the angle between

electron and detected antinucleon momenta. These identities and definitions lead to

L,(LIQ(O)H,%)(O) = 2(]4’éM\2+4m2q2(|éE|2—T‘GM|2)
16

T—1
. 1 . 1 . .
= ¢ {|GM]2 + ;|GE|2 — ;(|GE|2 — 7|Ga|?) cos? 9}

(IGE? = 7G| k1|12 cos® 0

. 1 -
= ¢! |:|GM’2(1+COSQQ)+—|GE|2SiIl20] ) (3.67)
T
The second term of D can be written according to Eqs. (3.43) and (3.57) as

L(")(O)Hﬁ)(O) = 20 (uvkoky) x 2iANG L, (pvpapy)

LOOYHD(0) = —4ANG3,2 ((ka.p1)(k1.p2) — (k2.p2)(k1.p1))
~ 1
= ¢* | —2ANG,=\/T(T — 1) cosb| . (3.68)
T

Finally we get the following expression for D

N 1, ~ 4 ~
D = |Gun)*(1 + cos? ) + ;|GE|2 sin? 0 — ;\/T(T — 1) cosOReG Ay (3.69)

3.5.2 Single spin polarization observables, antiproton polarization

P,

P, is a single-spin polarization observable, which appears in the Born approximation in

the e~ + et — N + N process with one polarized particle - the antinucleon (N), which
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is polarized along the y-axis. It is shown below, that this observable doesn’t depend
on polarization of electron. Polarization of antinucleon along y-axis means, that its
polarization unit vector € has only y-component (5 = (0,1,0)). This leads to following

properties of antinucleon sy, (3.34), (3.66)
171‘5:02>310:0;glyzg:(oalyo)- (3.70)

The general expression for P, is

p - o0 LYHY 2Re(LW [ d0un
Yy 4q [ ( 1y) + 6( nv ,ul/(sly))} d0
1 v
= Dot [LWH (s1)) + 2Re(LDHE) (1)) (3.71)
which can be divided into two parts - with unpolarized electron and with polarized
electron
1 v v 7
Py = P [EROH (1) + 2Re(LE OV (51,))]
1 v v 7 7
Dot (L (S H (s1y) + 2Re( LS HD(s,))]

At first we will prove, that longitudinally polarized electron doesn’t contribute to
polarization observable P,. The first term of the polarized electron part equals (3.40),
(3.55) for A\, = 1:

LW(S)HY) (s1,) = 2i(uvkiq) x [imQ(T —1)|Gul? (uvgsiy)

2
m(T —1)
+ zRe(GM(GE — Gu))(P ) (VDap1S1y) — P, (pap1S1y))

+ (GMGE)( . (Vpap151y) + P, <,Up2])151y>)]

The lepton tensor is antisymmetric, therefore its product with the third (symmetric)

part of the hadron tensor vanishes. The first product is proportional to
(pvkiq) x (uvgsiy) = 2(ky - s1, ¢ — k1 - q 815+ q) = 0, (3.72)
where we used (3.66, 3.70) ky.s1, = s1,.¢ = 0. The second product is proportional to
(uvkiq) x (Pu (VP2P181y> - P, <MP2P1$1y>) —2 (vPk1q) <VP2P151y>

= —2[P -pa(kr-s1y q-pr — k1 -p1 q-s1y) + P-pi(ky-pa q- sy — k1 - 51y - p2)
+P - s1y(k1 - p1 C]'pz—kl'mCZ'pl)] 0, (3.73)



3. Polarization Observables - Example of Calculation 46

where again Eqgs. (3.66, 3.70) was used (P - sy, = ¢ - 1y, = k1 - 514 = 0).
The second part of the polarized electron part of P, (3.45), (3.61)
L/(jg(s)H;(jy)(Sly) = [QQQ;W - 2(k2uk1u + kQI/k:lp/)} X

2q.81 ~ SN
W_yﬂ(GM - GE) pluPI/

+ (GM + GE>*(51yup2y + S1yuDou) + (GM — éE)*(Slyuplu + S1yuP1y)
- (GM + éE>>‘((Slyuplz/ - Slyl/plu) - (GM - éE‘>>‘((31yup21/ - Slyl/p2u>i| )

X mAy [ —2q- Slyé}kwgw -

where taking into account that ¢ - s;, = 0 and that the product of a symmetric tensor

(Lff,l) and an antisymmetric tensor is zero leads to
Li(s1)H)(s1y) = 2¢°mAy [(GM +Gp) s1y p2+ (Gar — G)'syy ‘P1>
— 4mAN((éM + éE)*(kig . Sly kl * P2 + k?l . Sly ]{72 . pg)
+ (éM — éE‘)*(kQ.Sly ]{?1 *P1 + k’l . Sly ]{ZQ p1)> = 0, (374)

while kg - s1y = k1 - $1y = p1- S1y = pa - $15y = 0.

Therefore, the polarization observable P, depends only on the unpolarized part

1 v % %
P = pa (L&) (0)H ) (s1y) + 2Re(LG)(0)H ) (s1,))] - (3.75)
With the help of Eqgs. (3.36, 3.55), the first term is equal to
Lfﬁx) (S)H;(;z)/)(sly) - [ - q2.g,uz/ +2 (klul@p + klukéy)]
2 -
X e S [ = DIGKE {pmasy)
+ zRe( GM) ) (P (vpap1s1y) — P, (upap1siy))

(G
£ In(GuGy) (P (vpapisny) + P (upapisy))|.

As LEZ)V) (0) is a symmetric tensor it gives non-zero product only with the last (symmetric)

part of H\ (s1,)

L;(J:L;/) (O)H(U) (Sly) = [ - q2gw/ + 2 (kll/kzu + klp,kZI/)}

uv
2
X m(r —1) [Im(GMGE)( . (VPap151y) + P (pap1S1y))
2Im(G G
- % [—q2 (papaprsy) + ¢° (Drp2p1s1y)

+ 4ky - P (kopop151y) + 4ks - P (k1papisiy)]
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where (papap1S1y) = (P1pep151y) = 0, because they are antisymmetric with two equal
components.
The computation of (kspapisiy) and (kipapisiy,) is more complicated and for the first

time we will make it in detail. Let us recall the definition of

<k2p2p151> = E;WpakQ,up%/plpSlym m, vV, P, 0 = 0...3. (376>

We get non-zero result only if indices u,v, p,o are different from each other (due to
antisymmetric e-tensor property) and components Koy D2v,s D1ps S1ye are non-zero for the
given index. Notice, that in case of P, polarization four-vector si, has only one (y)
non-zero component (3.70), so in the equation (3.76) ¢ = 2. On the other hand four-
momentum ks is the only one with non-zero z-component and therefore p = 1. At last

p1 and po have two nonzero components, what leads into (with €1930 = 1)

€1Vp2k2xp2up1p51yy = —¢1032k2:P20P12 — €1302K22D2:P10

= koyD2aoP1z — kouDo.pro = 2E |k ||p1| sin @

7
= GmVT - Isind. (3.77)

For the (kipsp151,) we obtain a similar result

2
(k1pap1siy) = —%m T — 1siné.

and according to Eq. (3.66) ky - P = —ky - P = m?/7(7 — 1) cos §, which all together
give a result

v v 8 ~ ~x 2 3 .
L;(UJ)(O)H;(U/)(S].Z/) = mlm(GMGE)q m?®(1 — 1)y/Tsinf cos

= 8m2¢*Im(GrGy) /T sin 6 cos 6. (3.78)
With the help of Egs. (3.43, 3.61), the second term of Eq. (3.75) is equal to

LO(0YH() (s1,) = 2i (uvksky) x
2q - S1y
m?(1 — 1)

+ (éM + éE)*(Slyupm/ + 51y1/p2,u) + (GM - GE)*<51yup1u + Slyuplu)

- (GM + GE)*<31y,up1V - Slyupl,u) - (GM - CNTYE)*<$1y,upZu - Slyup2,u)]>

X mAn|—2q- slyé*MéuV — (GM — GE)*plpPzz
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where ¢ - 51, = 0 and antisymmetric L,(fz (0) gives zero product with symmetric parts of

Hi)(s1,)
LA (1) = —2imAx (kak) (G + o) (sayuprv = s1p10)
+ (Gy — Gg) (Siyppa — Slyup2u>:|
— —dimAy [é&(@lyplkgm + (s1yp2kokr))
+ Gal(sumbaks) = (s1pokaks))]

and

<$1yplk2k1> + <31yp2k?2k‘1> = <31qu2k1> =0
<81yp1k2k?1> - <31yp2k2k1> = —2 <SlyPk2k1>-

Therefore
LS&(O)HEZE (81y) == 8ZmANGE <81yPk’2k’1> s
where (similar to previous derivation)

623uusyypzk2ukll/ = —52301(—|Z71|)/f20k1x - 52310(—|171|)k2xk?10
= 2m3r/7 — 1siné.
So the second term of Eq. (3.75) is

LO(0)H) (s1,) = 16im* AyGpmv/T — Lsind (3.79)

and finally for P, (3.78, 3.79) we get

2sin 6 . T—1 . =
P, = NG [[m(GMGE)COSQ—i- - Re[zANGE]}
2sind = T—1 . ~
= NG [Im(GMGE)COSQ—i- - Im[ANGE]]. (3.80)

3.3 P,

P, is a double-spin polarization observable: the polarization of the incoming electron is

necessary, in order to obtain a polarization of the outgoing antinucleon along the z-axis.
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The definition of the polarization observable P, is similar to P, (3.71)

1 ) oria -

where, according to definition (3.34), the four-vector sy, is

—

£=(1,0,0) = s,0=0; 51, = (1,0,0). (3.82)
For the derivation of P, we can use the same arguments as for P,, with the following
specificities:
e ki, ko are not perpendicular to s, and ki - s1; = —kg - S1, = |E1| sin 6.

e the fully contracted terms (....), which contain only s, ki, ko, p1, p2, q, P are

vanishing, because these four-vectors have zero y-component.

The first property can be used in steps (3.72, 3.73, 3.74) and, as a consequence, the
polarized electron part of P, is not vanishing. The second property can be used in the
derivation of unpolarized electron part of P,, where similarly to P,, the only 'non-zero’
terms are proportional to (....) terms, which are zero for P,. Therefore unpolarized
electron process doesn’t contribute to P,.

Let us repeat steps (3.72, 3.73) for P,

(pk1q) % (prgsiz) = 2(k1 - s10 ¢ — k1 - q 510 - q) = 2k1 - 512 > = 2mA/T¢* sin b,
where s1, - ¢ = 0. And

(kiq) % (B (vpaprsia) — Py (ppap1s1a)) = —2[P - pa(k1 - 510 ¢ p1 — k1 - p1 - 1)
+ Pepi(ki-p2q-sie— ki 812 q-p2) + P sk prqop2— ki pa Q'p1)}
= Q[P “p1 k1 S1e g p2— P p2 ki s q 'pl} = 2q2m3(7 - 1)\/;511197

where s1, - ¢ = s1, - P = 0. These differences lead to

Lﬁ?(s)Hﬁﬁ)(slx) = —8m2q2\/?sin0“éM|2—l—Re(C;’M(CN?E—CNJM)*)}
= —8m2¢*\/TsinORe(GyG) (3.83)
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And step (3.74)
LO(s)H W (s12) = 2¢°mAn((Gu + Gg)*s10 - p2 + (G — Gp)*s10 - p1)
— AmAN[(Gyr + Gp) (k- s10 k- p2 + ki - S10 ko - po)
+ (Gu — Gp)*(ky - s10 ki - pr+ ki - 81z ko p1)]
0—4mAn[(Gu + GE) ki - s10 pa(ko — K1)
+ (Gu — Gp)'ky - s10 pr(ka — k)]
= 16m*rv/T — 1cosOsin ANGL. (3.84)

The results (3.83, 3.84) lead to final formula for P,

_ 1 _
Re(GnG) — 1/ u cos ORe(ANGY)
T

3.5.4 The component P,

2sin 6

57

P, = . (3.85)

P, is the polarization of the outgoing antinucleon along the z-axis. It is a double spin
polarization observable, induced by the polarization of incoming electron. The definition

of P, is (similarly to P,):

P, LgJ)ngqj)(slz) + 2Re(L§j,1H,§Q (s12))] »

1
o Dq4 [
where s, is the polarization four-vector with components (similar to longitudinal po-

larization of electron, Eq. (3.39) )

— 7 E
€=1(0,0,1) = s,0 = @ =V7—1;5.=(0,0,—)=(0,0,/7). (3.86)
m m

As we can see s1, doesn’t have y-component, what implies (similar as for P,) that the

unpolarized electron part doesn’t contribute to P,

1 ,
P. = oo (LS H) (s12) + 2Re(L(S) H)(s12))] (3.87)

The first part of Eq. (3.87) comes from Egs. (3.40, 3.55)

. 2
LO(S)HY (s1,) = 2i (uvkq) x o

+ iR@(éM(éE - éM)*)<Pu <Vp2p151z> - b, <Mp2p181z>)
+ Im(éMé*E)(pu <VP2P1$1z> + P, <Mp2p181z>)] )

imQ(T — 1)|C~¥M|2 (uvqsi.)
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where antisymmetric leptonic tensor gives vanish with symmetric parts of hadronic

tensor
LOS)H) (s1:) = 2i (urkig) x [zm 7= 1D|Gul* (urgsi:)  (3.88)
+ iRe(Gy(Gr - GM) ) (P (vpap1siz) — By (ppapisiz) |
where
(uvki1q) x (uvgsi,) = 2(ky - s1. ¢* — q - 51, k1 - q) = —2mq*T cosf (3.89)
and

(uvkiq) x (Pu (vpap1s1z) — P, (pap1siz)) = —2 (uPkiq) X (upap15iz)
= —=2[P -py(kr-s12 q-pr—Fk1-p1 q-s512) + P-pi(ky-pa q- 512 — k512 ¢ pa)
+P - si.(k1p1 g p2—ki-p2q-p1)] =0, (3.90)

where we used notations (3.66) and (3.86). Now we can use Egs. (3.89, 3.90) in Eq.
(3.88)

LSB(S)HISZ)(SlZ) = 2q4|C¥M|20050 (3.91)
The second part of (3.87) is according to (3.45, 3.61)

L(l) (S)H;(LZV) (SIZ) = |:q2.gp,u - 2(k2uklu + kQVk1u>
2Q'81z
m2(1—7)

+ (éM + GE)*<Sz,up21/ + Szup2u> + (éM - éE>*(Szup1u + Szl/pl,u)

X mAN [ — 2q.31ZC~¥*MgW — (é e E) D1 Py
- (GM + GE)*(Szuplu - Szuplu) - (éM - GE)*(szupZ/ - Szup2u)]>

where the symmetric leptonic tensor vanish when multiplied with the antisymmetric

part of hadronic tensor

L/(LZIZ(S)H/SQ(S]-Z) = [q2g,u1/ - Q(kQ,ule + k?uklu)
2q.81Z(éM - éE)*

m?(1—7)

+ (Gu + Gg)* (S2uPov + S20P2u) + (GM - GE)*(szuplu + Szuplu)]

X mAN [ - QQ-Slz ~>kMg,uzz - pl,upzx

(3.92)
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and after multiplication we get

LE(S)H) (s12) = (3.93)
Sy q.s Z<GM - é )* Sk
= 2¢°mAy [ —3q.51.Gy — 1m2(1 = £ p1.P+2Gys1..P

Q-Slz(éM — GE)*
m2(1—7)

— (Gar + Gp)* (512 po-ky + s1..k1 pa.ko)
- (GM - GE)*<51z-k2 p1-k1 + 512k Pl.kz)]~

+AmAy [Qq.slzéml.kz + (p1.ky Pks + pika Pky)

Now from Egs. (3.66) and (3.86) the following expression is obtained:

; ; ~e [T—1
Ll(fl),(S)HfLQ(Slz) = —¢*"ANGY, T(l + cos? ). (3.94)

Substituting Eqs. (3.91, 3.94) into Eq. (3.87), we obtain the final formula for P,

27 ~ ~ —1
P, = D [\GM|2 cos ) — Re(AnGiy )4/ u (1 4 cos® 9)] (3.95)
T




4. VECTOR MESON DOMINANCE MODEL
AND ITS EXTENSION WITH CORRECT
ASYMPTOTIC BEHAVIOR

4.1 Vector meson dominance model

While Quantum Chromodynamics failed in a description of electromagnetic form fac-
tors of hadrons (mainly in the resonance region), a phenomenological model of hadron
form factors is needed. The best-known phenomenological model of the electromag-
netic form factors of hadrons is the vector meson dominance (VMD) model. This
model was constructed [4, 5] in order to describe the non-trivial resonance behavior
of o(e"et —hadrons), caused by creation of unstable vector mesons. Vector meson
dominance model assumes that under a certain probability the virtual photon trans-
forms into a vector meson, which interacts with the hadron, as it is shown in Fig.4.1.
While there are more than one vector meson we need to include contributions from
all possible vector mesons. In this way we will obtain following parametrization of the
electromagnetic form factor of the hadron

Z fvhh mv (41)

fo m2—1t’

where t = —Q?, f,;7, f» are coupling constants for (vector meson-hadrons) and (vector
meson-photon), n is the number of vector mesons with photon quantum numbers and
m, is the vector meson mass.

However, while VMD model explains resonance behavior of form factors, it is only a
rough approximation of the interaction between hadrons and photons and it has several

limitations. In general it has wrong asymptotic behavior F(t)y—o ~ t~!, while it
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Fig. 4.1: Interaction of photon with hadrons can be approximated as sum of all possible
processes, where photon transforms to vector meson, which strongly interacts with

hadrons.

should be F(t)jy—c ~ '™, where n, is number of constituent quarks in considered
hadron [2, 3]. Also the VMD parametrization of a form factor diverges to the infinity for
t — m2. This problem can be solved by introducing non-zero widths of vector mesons
(m, — m, —il',), but it violates unitarity condition of form factors.

Solution of the first problem will be shown in the next section, where asymptotic
condition F(t)—o ~ t'7" and normalization of form factor will be used to derive
VMD model with correct asymptotic behavior [8, 9].

All other problems of VMD model are solved within Unitary and Analytic model,

which fulfills all known properties of electromagnetic form factors.

4.2 Two sets of algebraic equations for the coupling constants

ratios

As it was said at the end of the previous section the asymptotic behavior of any elec-
tromagnetic form factor of any hadron is known from Quantum chromodynamics [2, 3]
and it should be

F(t)jgjoo ~ 7", (4.2)

where n, is the number of constituent quarks in the hadron. Fortunately it is possible

to obtain such behavior in VMD model for specific values of ratios of coupling constants

Jonn
fo )

Now we will introduce the technique of obtaining such ratios of coupling constants.
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We can rearrange VMD parametrization (2.1) to common denominator

n—1
Fit) = A02+_A1.t —i; _ + An_;t_ 7
(mi —t)(m3 —t)...(m7; — 1)

where coefficients A; can be written as
n
n—1 2
Ay = (1) E My
v=1

Ap s = (—=1)"72 z": m2a, z": m?
v=1 =

=1
1#v

n n

n—3 2 2 2
A,z = (1) E mia, E mi m;, (4.3)

v=1 i1,ia=1
11 <i2
irFv

n

n
_ n—p 2 2 2 2
A, = (-1) g My E mi mi,..m;
v=1

11,12, ,0p—1=1
11<12<...<tp—1
irFU

n

n
_ 2 2,2 2
Ay = g mea, E mg mg,. g
v=1

11,8250 0yin—1=1
11 <02 < .. <bp—1,ir £V

where m,’s are masses of vector mesons and a, = % are ratios of the coupling

v

constants. If we assume that asymptotic behavior of the form factor equals
F(t)jsoe ~ 7,

in order to fulfill it, the coefficients A, _1, A, o, ..., Anr1_m should equal zero. In this

way we can derive following asymptotic conditions for ratios of the coupling constants
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S
7z

C

v

Fig. 4.2: Any hadron form factor is an analytic function inside the region bounded by the

curve C.

v=1
n n
2 —
m,, 0y m; = 0
v=1 i=1
1#£v
n n
2 2 —_
E MGy E m;m;, = 0 (4.4)
v=1 i1,i2=1
11 <12
irFU
n n
2 —
E m,,Q, E m;mg..m; = 0
v=1 01,120 —2=1
11 <i9<...<lbm—2
i FV

As we can see, the set of equations (2.4) derived in this way is quite complicated.
But there is also another set of equations for ratios of coupling constants derived from
analytic properties of form factor, which is analytic function in the whole complex t-
plane besides the cut from the square-root branch point corresponding to the lowest
threshold (¢y) to +o0.

As consequence of these analytic properties and the Cauchy theorem the line integral
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along the curve C' from Fig. 4.2 equals
7{ F(t)dt = 0. (4.5)
c

The integral (4.5) can be splitted into four parts

fCR F(t)dtJr/_t:o F(t—ia)dt+£s/2F(t)dt+/OOF(tHa)dt:o, (4.6)

to

where ¢ > 0,6 — 0 and R — oo, what implies that the first and the third integral in
Eq. (4.6) equal zero. This can be easily verified.

To compute the first integral, we will use known asymptotic behavior of the form
factor F'(t)

1 1
lim F(t) = — = F(t)dt — —dt for R — oc.
R—oo tm Cr Cr tm

We need to transform ¢ to the polar coordinates R, ¢, where R has constant value

1 1

27
t = R.e" —— —d(R.e"” —/ —— _R.e%i0d

and we get

Z- 27 ]
F(t)dt — / e 1=,
?{*R ) Rm=1 J,

which fulfills the following relation

= 0. (4.7)

i ?
1m
R—00 Rm—l

2
/ =m0 h = 0, because lim
0

R—o00 Rm—l

Regarding the third integral, the function F'(t¢) is analytic in the neighborhood of
the point ¢y (U(to)), what means, that it is also bounded in U(ty)

JA e R;|F(t)| <A for VteUl(t),

so absolute value of the third integral is lower than

740 5 F(t)dt

S]{ |F(t)|dt§j{ Adt < T,
05/2

Cv<€/2
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where € — 0. Therefore also the third integral converges to zero

7€ o

Remaining parts of (4.6) can be adjusted by the Schwarz reflection principle

—0=lim ¢ F(t)dt=0. (4.8)

e—0 08/2

lim

e—0

Fp(t)=Fp(t") = F(t+ic) — F(t —ic) = 2ImF(t + ic) (4.9)

to the final formula .
/ ImF(t)dt =0, (4.10)

to

which is known as the superconvergence sum rule for imaginary part of the form fac-
tor. Moreover the same algorithm (as in (4.6)) can be used also for the multiples
t.F 12 F, ..., t" 2 F, but not for the higher powers of ¢, because the following condition
must be fulfilled

1
i k— lim ———— — —k—-1> <m —
]%Lr)%o Rm_lR ]%EI;O Tomh O=m—-k—1>1=k<m-2. (4.11)

In this way we will obtain a set of integral superconvergence sum rules for the imaginary

part of the form factor

/OO ImF)dt = 0

to

/ SiImFMdt = 0 (4.12)

to

/ t" 2 ImF(t)dt = 0.

to

Now we can approximate the imaginary part of the form factor by using d-function

in the following way

ImFy(t) =Y a;d(t —m})m?. (4.13)

(]

And we will get another set of equations for the ratios of coupling constants by substi-
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tuting this approximation (4.13) to the set (4.12)

n

Zmzav = 0

v=1

> mya, = 0 (4.14)

v=1

2k are simply even powers of masses of vector mesons.

where coefficients m;,

This set of equations for a, is much more simple than (4.4) and it can be solved
quite easily. Unfortunately derivation of the second set (4.14) is doubtful, because the
analytic properties of the form factor are utilized, which, however, are not present in
VMD model (4.1) and therefore we still must use the first set of equations (4.4). On
the other hand, as we will show in the next section, both sets of equations (4.4, 4.14)
are equivalent and we can use any of them to derive a general solution for the ratios of

coupling constants a,.

4.3 The proof of equivalence of two sets of algebraic equations for

the ratios of coupling constants

The equivalence of these sets of equations (4.4, 4.14) will be proved by showing, that it
is possible to rearrange the first set of equations (4.4) to the second set (4.14). It will be
shown by a mathematical induction. Idea of such proof will be shown on the example
of the first two equations from both sets.

Example:

We would like to show, that if the first equation from the set (4.4 or 4.14) is valid

> mia, =0, (4.15)
v=1

the second equation from the set (4.4) could be rearranged to the second equation from



4. Vector Meson Dominance Model and its Extension with Correct Asymptotic Behavior 60

the set (4.14)

n

n n
2 2 4
ijajZmi =0« ijaj =0.
j=1 i=1 j=1

i#]
Notice, that equation on the left side (from the set (4.4)) contains terms m7m3a;
except the case i = j (because of the condition under the sign for the second sum). If

we add missing terms (i = j) to the both sides of this equation, we will obtain

n n n n

2 2 4 _ 4
E m;a; E m; + E m;a; = E m;a;
j=1 i=1 j=1 j=1

i#j
n n n
} : 2 } : 2 _ 2 : 4
j=1 =1 7j=1

Now we have two separate sums and from condition (4.15), it is clear that left side of

equation equals zero
n
— 4
0= g m;ag,
Jj=1

what is exactly the second equation from the set (4.14).

Proof:

The first step of the mathematical induction is fulfilled, because the first equations
of our sets are the same. Now we need to show, that if the first (p — 1) equations from
both sets are equivalent, also the first p equations from both sets are equivalent.

In other words, we need to show that if first (p — 1) equations from the second set is

valid . . .
Zm?aj =0; Zm?aj =0 ...; Zm?pdaj =0, (4.16)
j=1 j=1 j=1

then also following equivalence is valid

n

n n
Z mia; Z m?lmi...m?p_l =0« Z m?paj =0, (4.17)
j=1 j=1

i1yienip_1=1
11 <i2<...<ip—1
ir#i
where the equation on the left side is the p-th equation from the first set and the
equation on the right side is the p-th equation from the second set. Notice, that the
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second sum in the equation on the left side contains terms m7 m,..m7

all combinations without repetition of m? except ones containing m? (because of the

and there are

condition i, # 7). Analogous to the example, we can add the missing terms to the both

sides of the p-th equation. It can be easily verified that the missing terms are

n

2 2,2 2 2
ijaj Z mi mg,..m; M. (4.18)
j=1 i1,i2,0..vip—2=1
11 <12<...<tp—2
ir i
After adding them to the both sides of the p-th equation we will receive on the left
side

n n

n n

2 2.2 2 2 2.2 2 2 _
g mia; g mi My, ...m; |+ g mja; E mg my,..mg  my = (%)
=1 j=1

11,12,...,0p—1=1 11,12,..,0p—2=1

11 <i2<...<fp—1 11 <i2<...<ip_2
ir#j ir#J
(4.19)
and thanks to the commutability of the multiplication, we can rearrange squared masses
in the product m7 m7,...m; _ m? to be ascending ordered (i < iy < ...). In this way we

can sum (4.19)

(*) - mea] Z m221m122"'m12p_1? (420)
j=1 11,82, ip—1=1
11 <i2<...<ip—1
where the sums can be summed separately and we know from (4.16) that 2?21 m?aj =0,
which means that (x) = 0. But on the right side of the equation we still have terms (4.18),

n

n
_ 2 2, 2 2 2
0= E m;a; E mg Mg, ... M5 M,
Jj=1

11,82,y ip—2=1
11<12<...<tp—2
ir#j

which can be rearranged

n

n
_ 4 2.2 2
0= E m;a; g mimi,..m; . (4.21)

Jj=1 11,12,...,ip—2=1

11 <12<...<ip_2

in

In this way we reduced the number of squared masses in product m7m?,..m;
under the second sum from p — 1 to p — 2 and we raised the power of the term under

the first sum by 2 (m3a; — mja;).
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Now it is obvious that the same technique can be repeated (p — 1) times (with one
difference - we need to use others equations from the premise (4.16)), because we assume
the first (p—1) equations from both sets to be equivalent. If we use this technique (p—2)

times we will obtain condition

Z m?p_Qaj Z m: =0, (4.22)
j=1 i=1
iy

where the "missing” terms are

If we add them to the both sides of (4.22), we will get

n

n n

2p—2 2 2p—2 2 2p—2 2
g m; ajg mi—i-g m; Ca;m; = E m;e Ca;m;
j=1 j=1

i=1
ir#£jJ

n n

2p—2 2 _ 2p
E m;Ca, E m; = m3ta;. (4.23)
=1 i=1

J=1

Now it is sufficient to use the last of the assumed equations (4.16)

0. Z m; = Z m?-paj
, =
m¥a; = 0, (4.24)

which was to be demonstrated.
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4.4 Modified vector meson dominance model with the correct

asymptotic behavior

Now we can use even the second set of equations despite the fact, that it was derived

by using wrong assumptions for the form factor

Z mia, = 0
v=1
> mia, = 0 (4.25)
v=1

Z m2m Vg, = 0.

v=1

and normalization of the form factor

> a,=F (4.26)

v=1

to derive [8] modified VMD model with the correct normalization and asymptotic be-
havior. While we obtained m equations, it is obvious, that there must be at least m
vector mesons to fulfill asymptotic and normalization conditions.

In general case, when n > m

| - |
) = Fomm o — e (g +
T2 -9 2 i1
n m 2 L m? o (m2—m?
+ Z Z gn]g Tln_Iv—l,v;éz - H;)n_l,v;éz( : l;) a (427)
k=m+1 |i=1 my — t Hv:l,v;ﬁi(mv - t) Hv:l,v;ﬁi (mv - mz)
In special case, when n =m
m 2
_am;
F(t) = Fy -y 5 (4.28)

H;n:1<m

v

—t)'

This model automatically fulfills the asymptotic and normalization conditions and

in addition it has less free parameters, while m parameters can be obtained from Egs.

(4.25, 4.26).



5. UNITARY AND ANALYTIC MODEL OF
HADRON ELECTROMAGNETIC
STRUCTURE

In this Chapter we will present a construction of the model which reflects all known
properties of electromagnetic form factors of hadrons and is known as Unitary and
Analytic (U&A) model of electromagnetic structure of hadron.

At first, we review all known properties of any hadron electromagnetic form factor
F(t).

e Any electromagnetic form factor F'(t) is normalized at ¢t = 0
F(0) = Fy (5.1)
e.g. proton electric form factor is normalized at t = 0 as

Go(0) = 1

e F'(t) can be considered as a complex function of a complex variable. It is an
analytic function in the whole complex t-plane besides the cut from the lowest

branch point to +oo [10]

e A discontinuity across the latter cut is given by unitarity condition

1 — — —
SRR IEY )] 0) = (O [JE ()| W)} = 3 (RR[T*[n) (n | J2Y(0)] 0)
(5.2)
where |n) represents an intermediate state (allowed by conservation laws) and 7"

is an operator of the amplitude from the intermediate state |n) to hh state.
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e To every intermediate state |n) corresponds a branch point at the value of ¢,
which is equal to squared sum of masses of the corresponding particles, e.g. for

intermediate state |77 ™) is corresponding branch point at ¢ = (2m,)?.

e The consequence of the Hermitivity of J fM

(JEMYT = JEM (5:3)

is the reality of F'(t) on real axis from —oo to t.

e By application of the Schwarz reflection principle to F(¢) in the complex ¢-plane

the reality condition
F*(t) = F(t") (5.4)

is obtained, which gives a relation between values of F(t) on the upper (t + ic)

and lower (¢t — ie) boundary of the cut (¢ >ty and ¢ < 1) in the form as follows

F*(t +ie) = F(t — ie) (5.5)

e As a consequence of the reality condition (5.4) to every resonance pole also a

complex conjugate pole has to exist.

e The asymptotic behavior of the hadron form factors was predicted by quark count-
ing rules [11, 12] as
F(t)g—oe ~ 7, (5.6)

and this prediction was confirmed by pQCD for particles with spin 0, 1/2, 1 up to

the logarithmic corrections [2, 3.

To our knowledge there are no other general properties of hadron form factors F'(t)
to be known for the time being. In order to construct such Unitary and Analytic model

we need to

1. Apply the following nonlinear transformation

P T - wE

(5.7)
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where t is the square-root branch point corresponding to the lowest threshold and
tin is an effective square-root branch point simulating contributions of all other rel-
evant thresholds given by unitarity condition. This transformation automatically

generates the relations

A(ts — o)
2 ¢ 5.8
e =0 i = WP 58)
and A )
tin — to
¢ .
0=t Gy — a2 (5.9)

where W,o and Wy are values of W (t) in ¢t = m? and ¢ = 0, respectively.
2. Use relations between W,o and W,.
3. Introduce instability of the resonance (vector meson) by its non-zero width I, # 0.

The application of (5.7-5.9) to common expressions in formulas (4.27, 4.28)

my . (my —mj)
(my—t) " (mi—mj)

leads to the following factorized forms
m;  omi—0_ [(1-W() 2
B S\ 1-W3
(WN — Wvo) (WN + Wvo) (WN — 1/WU0) (WN + 1/WU0)

W) = Wag) (W(E) 1 W) (W(E) — 1/Wag) (W () + 1/ W) (5.10)
and
mZ —mj _ (m? —0) — (m2 —0) _
mi—mi (i —0) = (m=0)

(W’UO - 1/WU0)2
(W = Wig) (W + Wio) Wiy = 1/Wio) (Wi + 1/Wko>] /

[(WN — W) Wy + Wao) Wiy = 1/Weo) Wy + 1/ Wao)

(Wko — 1/Wio)?
[(WN — Wio) Wy + Wijo) Wy —1/Wijo) Wy +1/Wio)

(Wjo — 1/Wijo)?

(Wy = Wio)(Wx + Wio) (W — 1/Wio)(Wn + 1/ W)

) (Wio — 1/Wig)? ] (5.11)
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Also we can prove that relation between W, and W, is

a) if mg — F3/4 < timw = Wy= _WJO

(5.12)
b) if mE-T%/4 > t, = Wy =1/W,
which in the case a) leads the expressions (5.10, 5.11) to the forms
m2 (1=’
m2—t 1-W%
Wy = Weg) (Wi = W) (W = 1/Wao) (W = /W) o
(W) = Wao) (W(t) = Wyo) (W(t) = 1/Wao) (W(t) = 1/ W)
and
my—mi | (Wy = W)Wy — W)Wy — 1/Weo)(Wy — L/W5)
mi —mj —(Woo = 1/Wio) (W5, — 1/W5)

~ (W = Wio) Wy — W) Wy — 1/ Wio) Wy — 1/Wiy)
_(WkO - 1/Wk0)(Wl:0 - 1/W1:0)
(Wn = Wio)(Wx = W) (W — 1/ Wio)(Wy — 1/W5)
_(VVJ’O - 1/I/Vj0)<W;0 - 1/W;0)

—(Wio — 1/Wio) (W — 1/ W)
Ca(Weo) — Ca(Wio)

_mwmwmwmwwwmwwqmﬂ

5.14
CWy) — CullWi) .
and in the case b) it leads to the forms
m2 (1=
m2—t 1-W3
(W = W) Wy = W) (Wi + Wao) (Wy + W) (5.15)

V(@) — Wao) (W(E) — W) (WD) + Wao) (W (D) + W)
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and

m Wi + W) Wy + W)

(
_(WvO - 1/Wv0)(W;0 - 1/W:0)
- (W = Wio) (W = W) Wi + Wio) (W + W/fo)] /

Sooe N
[V}

ms5 — m;

-mi [(WN — W) (Wn — W)

—(Wko - 1/Wk0)(WI:O - 1/W1:0)
[(WN — Wio)(Wy — Wj"o)(WN + Wio) Wy +Wh)
—(Wijo = 1/Wio) (Wi, — 1/W5)
¥y~ W) Wzg)(WN + W) (W + W;a)]
—(W, 1/Wzo)(W - 1/W5)

20

Co(Wyo) — Cb(szO)
Co(Wjo) — Co(Wio)

(5.16)

Now we can see that the expressions (5.14, 5.16) are always real, because Wy is a
real number and it means that each bracket is multiplied by its complex conjugate. At
the same way it can be shown that the expressions (5.13, 5.15) are real, while W (t) is
a real number, what is fulfilled for ¢ < ¢y. As a consequence of this property of Unitary
and Analytic model also electromagnetic form factors are real numbers for t < ¢y, where
to is the lowest threshold in investigated form factor.

At the end we need to introduce non-zero width of the resonance by a substitution
m2 — (m, —il,/2)?,

which formally means that in the expressions (5.13-5.16) we will use W, instead of W,.

Finally in the case a) we get

md o (1=WEH\ Wy = W,) Wy = W) Wy — I/W,) (Wy — 1/Wy)
m2—t < 1—Wg > (W (t) = W) (W(t) = W) (W(t) — 1/W,) (W(t) — 1/Wy)
<%) L(W,) (5.17)
and

(5.18)
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And in the case b) we get
m?2 (1 - W(t)2)2 Wy — W) (Wy — W) (Wy + W) (Wy + W)
(

v

mg —1 1-Wz W(t) = W,) (W (t) = W) (W(t) + W,) (W(t) + W)
(%) H(W,) (5.19)

and

m% — mz _ Cb(Wv) — Cb(Wk)
mi—mi (W) — Cy(Wi)
Now we can use this forms of expressions (5.17-5.20) in the modified VMD para-

(5.20)

metrization of electromagnetic form factors (4.27, 4.28) to obtain general unitary and

analytic parametrization of electromagnetic form factors

1——I/V(t)2) " (FO— z”: ak)f[lLH(Wv)—l—

k=m+1

+ Y LH(W) [Z 1T {LH(W)E?S/V;:E((‘VWV’“))}] ak] (5.21)

k=m+1 i=1 v=1,v#1i

and a special unitary and analytic parametrization of electromagnetic form factors (in

the case n = m)

1—W(t)2)2m -

Fu(t) = Fy ( e [[LEW,), (5.22)

where LH(W,) equals L(W,) respectively H(W,), when the resonance vector meson x
fulfills condition a), respectively b). The same is valid for C(W,) and C,(W,), respec-
tively Cy(W,).

Unitary and analytic parametrization (5.21, 5.22) constructed in this way will be

used in next Chapters to describe electromagnetic structure of nucleons and deuteron.

5.1 Necessity of more vector mesons

According to Eq. (5.22) one can guess the minimal number of vector mesons needed for
constructing an unitary and analytic model of a given hadron, which fulfills a predicted
asymptotic behavior of its electromagnetic form factors. For instance, a form factor

F(t) with given asymptotic behavior

F(t) ~t7m

[t|——o00
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can be parametrized within a unitary and analytic model by using m vector mesons.

However in the case when experimental data on electromagnetic form factors of
an examined particle show an existence of one or several nodes, this result should be
modified due to inability of (5.22) to reproduce zero, as it will be shown in this section.
Moreover the value of ¢t = t,,4., where FF equals zero with sufficient precision, can be
used as another condition and reduce number of free parameters of the model.

In case of the special parametrization (5.22) (when n = m)

F(t)=F| —— LH(X

0-n (2 T
v=1

where LH(X,) equals

2 T2%/4 <ty
(X = X)Xy = X0)(Xy = 1/X) (X — 1/X7)
IO = (00 =30 (X0 = X2) (X (0 — /X0 (X () — 1/X0)
in case of: m? —I'2/4 > t;,
(Xn = X)Xy = X)) (X + X)) (X + X))
(X(t) = X)) (X (1) — Xp) (X () + X)) (X (1) + X7)

to to to to
X(t) =i

) =i , (5.23)
tin—t 1/2 t—t 1/2 tin—t 1/2 t—t 1/2
() () ) ()
0 0 0 0

While F(t) is the product of several terms, F'(t) = 0 only if the nominator of at least

in case of:

LH(W,) =

and

1 term equals 0. However the nominator of LH(X,) has constant value as it doesn’t

depend on ¢, what means either

e LH(X,)= 0 forevery value of t (except for ¢ = 0, when LH (X,) = 1 by definition).
This possibility occurs, when the nominator equals to 0, but it doesn’t correspond

to the physical case.
e LH(X,)# 0 for any value of ¢, when the nominator is different from 0.
It means that F'(t) = 0 only if

1-X(t)?*=0 (5.24)
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and from the definition of X (¢) (5.23)
o if t =ty, then X(¢) =0.

o if t £ty (5.23) can be simplified to

AVin —to — Vi — 1
= .

X(t 5.25
(t v (5.25)
Now we can solve (5.24)
1-X(@t)?* = 0
X@#)? =1
(= to) (i =) =2Vl —fol = _
t —to B

Vit —tovVtim —t = tin — to
tin —t = i — 1o

t:to,

which can not be the solution, because Eq. (5.25) is not defined at t = ¢, and
moreover X (to) = 0, what doesn’t fulfill condition (5.24). Therefore in special

case, when (n =m), F(t) can not equal 0 for any value of ¢.

So in the case of existence of a node one need at least m + 1 vector mesons and to
use general U&A parametrization of the FF (5.21) to parametrize such electromagnetic
FF

<F0— zn: ak>ﬁLH(Wv)+ zn: EH(Wk)ak], (5.26)

where
LH(W,) = LH(Wy) [Z 1T {LH(W)Z%&Z%’“?}] . (5.27)
i=1 v=1,v4i v !
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As it has been already proved neither LH (W;) nor 1 — W (t)? can equal zero. There-
fore the only possibility for Fj(t) to cross the x-axis is to fulfill following condition for

the a;’s

(FO - Z ak) HLH(WU(tnode)) + Z LH<W1€(tnode))ﬁH(Wk(tnode))ak = 07

k=m-+1 k=m+1

(5.28)
which leads to the following condition for the ratio a,,4+1
a L= (FO - ZZ:m—i—Q ak) vazl LH<WU (tnode)) + ZZ:WH-Q £7{(1/‘/16(tnode))ak (5 29)
" [T LH Wy (toe)) = LHWoner (faode)) -
In the minimal case, when n = m + 1, this condition can be simplified to
Fo 1", LH(Wy(thode
0 HU:1 ( ( d )) (530)

am - m N
L LH Wy (tnode)) — LHWin i1 (bnode)



6. THE PROTON ELECTRIC FORM FACTOR
SPACE-LIKE BEHAVIOR PUZZLE

6.1 Introduction

The electromagnetic structure of the proton and neutron can be described by four in-
dependent form factors, which are functions of the square momentum transfer t = —Q?
of the virtual photon. There are several ways to define these form factors, e.g. as the
Dirac and Pauli form factors (F}, F]* and F}, F}'), isoscalar and isovector Dirac and
Pauli form factors (F}, FY and Fy, Fy), or Sachs form factors (G%, G and G, G%,).
The Dirac and Pauli form factors, standard form factors for particles with spin=1/2
in view of the definition in Chapter 1, are used to parametrize the nucleon matrix

element

(N 5| ) = enl) {0+ 5! = )F (0 ful)

where my 1s the nucleon mass. And the relation between these three sets of nucleon

form factors is

Grplt) = FY(0)+ 75 FE(0) = [F3(2) + Fy ()] + 7 [F5(0) + FY(0)]
Canlt) = F<t>+Fp<p> Fr(0)+ Fr(0) + 1F5(0) + B0,

Ganlt) = F(O)+ B0 = R0 ~ FFO]+ 0 (F0) - @),
Canl®) = FP(t)+ F(8) = [FH(0) = FY0)] + LF5(0) - F3(0). (6.1)

In this chapter we will use the Sachs form factors to derive charge distribution in
the proton as well as the isoscalar and isovector Dirac and Pauli form factors, which are
suitable for a construction of various phenomenological models of the nucleon electro-

magnetic structure e.g. the vector meson dominance model [4, 5].
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6.2 Two contradicting proton electric form factor behaviors in the

space-like region

The electron-proton elastic scattering used to be the most common way of the proton
electromagnetic structure study from the half of 50’s of the last century [1] and more
than 400 data points on proton electric Gg,(t) and magnetic G, (t) FFs in the space-
like region —Q* = ¢*> = t < 0 appeared (for references see paper [13]). They have
been obtained from the measured differential cross-section of the elastic scattering of

unpolarized electrons on unpolarized protons in laboratory system

do'(e"p—ep)  a? cos?(0/2) 1
dQ © 4E?sin*(0/2) 1+ (22)sin*(0/2)
x [A(t) + B(t)tan*(/2)]

where ov = 1/137, F is the incident electron energy and

Glop(t) = Tz Ghap (1)
1— ’

2
4mp

A(t) =

B(t) = —2—— G, (1) (6.2)

4m2

by the Rosenbluth technique. Their ratio 1,Gg,(t)/Grrp(t) is in error bars roughly one,
showing the electric and magnetic distributions in the proton to be equal.

Recently in JLab [14, 15, 16], measuring transverse

—2)/7(1 + 7)GprpGEp tan(6/2) (6.3)

and longitudinal

h(E + E')
p="ETE) AT, wan?0)2) (6.4)

I(]mp

components of the recoil proton’s polarization (as suggested in Refs. [17]) in the electron
scattering plane of the polarization transfer process € p — e p), h is the electron
beam helicity, I, is the unpolarized cross-section excluding opo; and 7 = Q? /4m]20)
simultaneously, the very precise and surprising data on the ratio p1,G g, (t)/Gp(t) have
been obtained, showing the electric and magnetic distributions in the proton to be

different, contrary to what was followed from Rosenbluth data.
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Fig. 6.1: Predicted behavior of p,G4%(t)/G4,(t) by the Unitary and Analytic ten-resonance
model of the nucleon (full line — fit of JLab data, dashed line - fit of Rosenbluth data)
and the Jefferson laboratory data obtained from polarization transfer measurements
14, 15, 16].

This contradiction is now well known as the JLab proton polarization data puzzle
and a natural question is arisen ”Which data are correct”? The difference between
Rosenbluth and JLab data is shown in Fig. 6.1.

A lot of effort has been devoted to an explanation of the problem [18, 19, 20, 21, 22,
23, 24] but still it suffers from a definite solution.

However there are indications already in the form of the differential cross-section
(6.2), where the proton magnetic FF is multiplied by factor —t/(4m>). As —t increases,
the measured cross-section (6.2) becomes dominated by G7,,(t) part contribution, mak-
ing the extraction of G%,(t) more and more difficult. As a result, one can have confidence
only in the proton magnetic FF data obtained by the Rosenbluth technique in higher
values of momentum transfer squared.

In this chapter we assume that inaccurate Rosenbluth data on the proton electric
form factor in space like region are responsible for the mentioned contradiction and we
exclude them from our analysis. We test consistency of JLab polarization data with the

rest of the data on EM FF's of nucleon and we construct a ten-resonance U&A model
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of the nucleon EM FFs. The result is compared with the same model, which fits old
Rosenbluth data on proton electric FF.

6.3 Ten-resonance Unitary and Analytic model of nucleon

electromagnetic structure

In order to construct Unitary and Analytic model of the nucleon EM structure [13], we

will use technique shown in chapters 4 and 5 for parametrization of isoscalar and isovec-

tor Dirac and Pauli form factors, where isoscalar form factors F}, Fy are saturated with

isoscalar vector mesons w, ¢, w’, w", ¢ and isovector form factors Fy, Fy are saturated
"

with isovector vector mesons p, o', p”, p"”, p"".

The asymptotic behavior of the Sachs form factors G, G and G4, G’ is
G ()t ~ 77,

because there are 3 constituent quarks in nucleons (u,u,d or u,d,d) [2, 3]. Now from
the relation between different sets of form factors of nucleon (6.1) we can deduce that
asymptotic behavior of the isoscalar and isovector Dirac and Pauli form factors is at

least

Y (O moe ~ 17
F;’U(t)|t|ﬂoo ~ t3 (6.5)

and we know enough to construct an U&A model as it is shown in Chapter 5.

2\ 4 1s 1s
FVO) = (1) {5000 o)+ [HoV) - 10v) G -
s — s
- LolV) LlV) G s~ HorV) - Lo V)| (/1) +
L — Ok s — s

+  |Huo(V)- L¢(V)m —L(V)- L¢(V)m - (6.6)

) ’ ’ Cls —wcl}")
— H (V) LoVl £~ V) HorV) o -

cly —C%
— Ho V) LolV) g + B (1) L) )}
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v 1v
Cg// C@

Ff[W(t)] = (1 . ) {%Lp”(w) : Lp’(W) + Lp”(W) ) Lp(W)

cly — o
- Ly V) LW g~ L W) Ly O9)| (/) +
chﬁ,iolf’ cly, — oY

. [prf«m L) gt~ Hir V) Ly V) it = (67)
g C’l;‘,’u —Q cY

— Ly(W)-L /(W)]( ,,,NN/f 2 [ pm(W) - L //(W)W
Ol//// Clv ‘

Hpn W) LoW) gl + V) o )| 1 )

FU®)] = <
Oif/ . O(;QSS Cq%s _ ijs
C% 0% 0% 0%
C% - C% C% - C
+ Hw”(U) . Lw,(U) . L¢(U) CQQ)}S/ _ 0250“2]}3 — (s _
Cy - Cy Cy —C2

- Lw'<U) ’ L¢(U) : LW(U) C;)s _ CQS'CQS — (2 o

— Hun(U) - Lo(U) - Lo(U) | (fSun/ fs) + (6.8)
C% - C% C% - C%
+ | Ho(U) Ho(U) - Lo (U) i s —
2s __ (12s 2s __ (12s
C% - C% C% - C2
C% — C% C% — O
2s _ (2s 2s __ (2s
C¢l Cwl C¢/ CUJ

+ Hy(U)  Ls(U) - Lw(U)Czs OB (s

— HlU) - LaU) - Lu(U >]< Il 1)}

Ho(U) - Lo(U) - Lo(U)

- H¢’(U) ) Hw”(U) ’ Lw<U)

+
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1-X2\° (1
X0 = (15) {500~ )k (X) - LX) LX) +
2 = C% C% = O3
+ [Hp”’(X) Ly (X) - Ly(X) C%ff — CE’U : C’Eﬁ _ C@s“ o
C%, —C% C*%, —C%
= X0 Ly () LX) i co
C%, —C% C% —C%
b Hp (X)L (X) - Ly(X) o o
0 0 0 ¢
LX) LX) - LX) | (D o/ ) + (6.9)

o, —C% 0%, —C%
0 0 0 e

N [H (X) - Ly(X) - LX)

02}/)// - 02}/) 02/1/)// - OZU
4 14 0 e
Co —Cy Oy -
02/1/)// - 02}/) 02}/)// - 02/1}
4 o 4 4

—|— H////(X)‘L//(X)'L/(X) v ’U' ) " -

- Hp””(X) ) Lp”(X) ’ Lp(X) +

— LX) Ly () LUy )

C% —C% O —
0 0 14 e



6. The Proton Electric Form Factor Space-Like Behavior Puzzle 79

where
(Vi = V) (Ve = V) (Ve = 1/Va) (Ve — 1/V7)
L) =" yv v —ymv - vy (6.10)
Cls _ (Vv = Vo) (W = V) (VN = 1/V)(Vy = 1/V)) b
T —(V, — V) (V= 1/Vp) At che
B (V= V)(Vy = V) (VN + V) (VN + V*).
Y = v v s ) (6.11)
Cls - (VN - W)(VN - ‘/l*)<VN + W)(VN + VE*) | — " gb/
b ~(Vi = 1/V) (V7 = 1/V}") LT
Lo(W) = Wy —Wi)(Wx — W)Wy — 1/Wy)(Wx — 1/Wp) (6.12)

(W =Wi)(W = W) (W — 1/Wi)(W — 1/Wy)
Wy = W)Wy = WO Wy — 1/W)Wx =1/ We) -

(Wi = /W)Wy = 1/W) ’ R
_ Wy = W)Wy = W) (Wi + Wo) (W + W)

lv
C.' =

W) = = o W (W W) (W W (6.13)
oo = Wy = W)Wy = W) (W + Wo)(Wy + W3). o m
" —(Wo = 1/W,) (W = 1/W;) LTy
_ (U~ =U)(Un = U)(Uy = 1)U;)(Uy = 1)U) .
B = = o0 = U@ — 10U - 170 (614
2 _ (Un = U)(Ux = U)(Uy = 1/U,)(Uy — 1/U;) | Wb
" —(U —1/U,)(U —1]U;) A ch
B (Xn — X)Xy — X9)(Xy — 1/Xp)(Xy — 1/X*)'
L) = XN =X (X — XX —1x) (6.15)
0o (Xn — Xp)( Xy — X0)(Xn — 1/ X)) ( Xy — 1/X5) B "
G = X —UxI N —ixy L ke
(X — X,)(Xy — X5 (Xy + X,)(Xy + X2)
H(X) = R X)X — X (X 1 X (X + X3 (6.16)
oo Ky = X)X = XD+ X)X £ XD
" — (X, — 1/X)(X; — 1/X;) el
 (Un=U)(Ux = U)(Un +U)(Un + Uf).
HU) = =000 — U0 + 0+ T7) (6:17)
Clzsz (UN_Ul)(UN_Ul*)<UN+Ul)(UN+Ul*>‘ I ¢,

— (U, = 1/U)(U} = 1/U) ’
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and V(t) (similarly W(t),U(t) and X(t)) takes the form

(t}:tg)“ N (t—ts)m _ (t%zts)m _ (t—tg)m
Vit ‘ £ £ £ £

\/(t%it:t?))l/? n (tﬁ?é)l/? I \/(t%ﬁ;té)m _ (tth)l/z
0 0 0 0

where the lowest square-root branch point for isoscalar form factors Fy, Fs is t§ = 9m?

and the lowest square-root branch point for isovector form factors Fy, Fy is t§ = 4m2.
Average branch square-root points for the isovector form factors F}, Fy are t,0 = t2V =

lv 425 which however can not be fixed at

n Vin)

4m3; and ones for isoscalar form factors are ¢
two-nucleon threshold as in the isoscalar case and they have to be obtained from fitting
experimental data.

In this way we have constructed the ten-resonance U&A model of the nucleon EM

structure.

6.4 Achievements of ten-resonance Unitary and Analytic model of

the nucleon electromagnetic structure

Ten-resonance U&A model of the nucleon EM structure includes all known properties
of EM form factors of the nucleon: correct asymptotic behavior, unitarity and reality
condition, analytic properties and normalization. It has been successfully applied to the
description of all existing experimental data on the nucleon Sachs form factors. In [13]
this model was applied to describe experimental data on G%(t) for ¢ < 0 obtained by
Rosenbluth technique, on |G'%(t)| for ¢t > 0 and on G%,(t), G%(t), G%,(t) for t < 0,¢t >0
(see dashed line in Fig. 6.2).

But, as it was said at the beginning of this chapter, experimental data obtained by
Rosenbluth technique are in strong disagreement with JLab polarization data, so only
one of them can be valid. Besides this, Rosenbluth data on G'%(t) are not very accurate
for higher values of ¢{(= —@Q?). On the other hand JLab polarization data are very
accurate even for higher values of ¢. So we rely on JLab polarization data, contrary
to the previous paper [13] and in the space-like region of G%(t) we used only JLab
polarization data. In this way we obtained behavior of nucleon Sachs form factors [25]

shown in the Fig. 6.2 by full line.
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Fig. 6.2: A simultaneous optimal fit of all existing data on nucleon form factors. The dashed
line represents old fit, which used Rosenbluth technique for extraction of G%(¢) in the
space-like region and the full line represents new fit, which used JLab polarization

data on G'(¢) in the space-like region.

As we can see in the Fig. 6.2, behavior of the nucleon Sachs form factors Gp,(t),
Gpn(t), Gam(t) remain almost unchanged and only the space-like part of G g, (t) changed
significantly.

6.5 Consequences of new G, behavior on the proton charge

distribution

While the proton charge distribution is defined as inverse Fourier transformation of the

electric form factor of the proton Gg,(t), we can easily derive, that for the spherically
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Fig. 6.3: Proton charge distribution. The dashed line represents the old distribution predicted

from Rosenbluth data and the full line represents the new distribution predicted from
JLab data.

symmetrical charge distribution we will obtain following relation

py(r) = (2 [ 2 sin(@)Gir QD)0 (6.19)

where t = —Q?.

Now by using a numeric integration with sufficient precision we obtained different
proton charge distribution for each case [25]. Fig. 6.3 shows the classic proton charge
distribution obtained by fitting Rosenbluth data and new proton charge distribution
obtained from new JLab polarization data.

Also proton charge radius will change. While for old behavior (using Rosenbluth
data) it is

2 _ 2
<rp>Rosenbluth = 0.684367 fm~,

for new behavior (using JLab data) it is

(r2) Ly = 0.719201 fm?



7. NONRELATIVISTIC IMPULSE
APPROXIMATION OF DEUTERON FORM
FACTORS

7.1 Introduction

A study of the deuteron electromagnetic structure is very interesting as the deuteron is
the most simple bound state system of nucleons, which provides an excellent opportunity
to study nucleon-nucleon (NN) interaction as well as its dependence on electromagnetic
structure of underlying nucleons. Up to now several (phenomenological) models and
fits of the deuteron electromagnetic structure have been published. The purely phe-
nomenological fits [6] give small x? but they come without any physical background.
The vector meson dominance models (and their generalization by incorporating correct
deuteron form factor analytic properties) [26, 27, 28] describe deuteron EM structure
through exchange of isoscalar vector mesons w, ¢ (and their excitations) and they don’t
assume NN interaction effects explicitly. Another class of models, non-relativistic (NTA)
and relativistic (RIA) impulse approximations, reviewed in [29], assume NN interaction
based on deuteron wave functions and describe the deuteron EM FFs through the nu-
cleon EM FFs. Just such models seem to be able to bring some light [30] into existence
of two contradicting space-like behaviors of the electric nucleon FF, obtained in elas-
tic scattering of unpolarized electrons on unpolarized protons by Rosenbluth method
and in polarization transfer process €~ p — e~ p measuring transversal and longitudinal
components of the recoil proton’s polarization simultaneously.

As the impulse approximation models of the deuteron depend on nucleon EM FFs,

they give us possibility to make an independent test of two contradicting behaviors of
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the proton electric FF in the space-like region described in the previous chapter by using
data on the deuteron structure functions A(¢) and B(t). In this chapter we will use NIA

together with commonly used Paris potential for the deuteron form factors.

7.2 Non-relativistic impulse approximation for deuteron EM

structure

In the one-photon exchange approximation the deuteron EM structure can be described
by three scalar functions - EM FFs [31], which are connected to the matrix element of
the deuteron EM current in the most general form as it is given in Chapter 1 in Egs.
(1.5,1.6).

The calculation of the deuteron EM FFs within impulse approximation requires a
knowledge of the deuteron wave function and nucleon EM FFs. As deuteron can be
found in S- (=~ 96%) and D-state (=~ 4%), then NN non-relativistic full wave function of

the deuteron can be written in terms of two scalar wave functions

V4
\I]abm = ZZ l lm mé( )Xclzlr)ns <l717m_m57ms|lam>
= ( >Yoo( xim 28 ZYM m X (9 1, m — myg, mg|1,m), (7.1)

where (I,1,m — mg,ms|1,m) are Clebsh-Gordan coefficients, Y;,, are spherical har-
monics normalized to unity on the unit sphere and 2y = u, 2o = w are reduced S— and
D-state wave functions, respectively.

The normalization condition
/ BPrUl Wapm = G
implies normalization
/ dr [u?(r) + w?(r)] =1, (7.2)
0

which could be understood as probability of finding deuteron in S— or D-state. The
D-state probability

PD:/ drw?(r)
0
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Fig. 7.1: The S— and D—state wave functions behaviors for Paris potential.

is an interesting measurement of the strength of the tensor component of the NN force.

The best non-relativistic wave functions are calculated from the Schrodinger equation

using a potential adjusted to fit NN scattering data for lab energies from 0 to 350 MeV.

In this paper we will use one of the most common potentials called Paris potential [32],

which was among the first potentials to be determined from such realistic fit. The S—

and D—state wave functions determined from this model are presented in Fig. 7.1.

The deuteron is an isoscalar target, therefore within non-relativistic impulse approx-

imation, its FFs depend only on the isoscalar nucleon form factors G&* and G

GNs G+ Gy
GAE GY, + Gy (7.3)
in the following way
Go = GR*D¢
Gu = 5= [N Das + GY* D] (7.4)

Go = GE*Dg

where the body form factors D¢, Dy, Dg and D¢ are functions of the momentum

transfer squared t. The non-relativistic formulas for the body form factors D involve
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overlaps of the wave functions u(r), w(r), weighted by spherical Bessel functions
De(¢?) = / dr [u*(r) + w?*(r)] jo(k)
0
D) = [ dr [26) = w*0)] o) + [VEulr)ulr) + ()] ()

0

De(@) = 2 / " drw? () Lo(r) + o)) (7.5)
w(r)

2
Dole®) = —— [~ drute) [utr) - 2 i)
N \/57] 0 \/g ’
where k = qr/2. At ¢*> = 0, the body form factors become
De(0) = / dr [W*(r) +w?(r)] =1
0

Dy (0) = /000 dr [2u*(r) — w?(r)] =2 —3Pp

3 [ 3
Dg(0) = —/ drw?*(r) = =Pp (7.6)
2./, 2
m2 [ w(r)]
Dg(0) = —% drw(r) |u(r) —
o0 = T [t |utr) -
giving the non-relativistic predictions
Qi = Dq(0)
pa = pyDu(0)+ Dp(0) = py(2 —3Pp) + 1.5Pp, (7.7)

where @)y is the quadrupole moment of the deuteron, py is the magnetic moment of
the deuteron and pj, = %(,up + pt,, — 1) is the isoscalar nucleon magnetic moment. The
experimental value of the deuteron magnetic moment pg = 1.7139, leads to probability
of D-state Pp = 4.0%. But this is only approximate value, because the magnetic moment
is very sensitive to relativistic corrections.

Experimentally the EM structure of the deuteron is measured in the elastic scattering

of electrons on deuterons, described by the differential cross-section (6.2) with

A(t) = GL) + on(1+n)GRy0) + PG, B = sn( 40P Cln),  (78)

and applying the Rosenbluth technique. As a result the data on structure functions
A(t), B(t) are obtained, which are found to be compiled in the paper [29].
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Fig. 7.2: Deuteron structure function A(t) behavior.

7.3 Results

In order to test the two contradicting behaviors of G%(t), as shown in Fig.6.2(a), in
comparison with the deuteron structure functions A(t), B(t) data, we use expressions
for deuteron EM FFs (7.4) to be expressed through nucleon EM FFs. First, the fits
of Rosenbluth data were made within Unitary and Analytic model of nucleon EM FFs
[13], then the fits of JLab proton polarization data with all other existing nucleon EM
FFs data. From both behaviors the isoscalar nucleon FFs were determined, by means
of which the deuteron FFs have been found and as a result the two different behaviors
of deuteron structure functions A(t), B(t) were calculated.

The comparison of these two behaviors (see Figs. 7.2 and 7.3) with existing ex-
perimental data on deuteron structure functions, leads to corresponding y2s, which are
presented in Table 7.1. One can see immediately that the behaviors of A(t), B(t), ob-
tained by means of the G (t) with the zero around t = —13 GeV? are unambiguously

preferred.
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Xa | X
JLab 926 | 476
Rosenbluth | 2080 | 574

Tab. 7.1: The x? of deuteron structure functions A(t), B(t) for two different scenarios.
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Fig. 7.3: Deuteron structure function B(t) behavior.

For completeness we present (see Figs. 7.4,7.5 and 7.6 ) also the obtained behaviors
of deuteron EM FFs G¢(t), Gu(t) and Gg(t) with the data [29] obtained in recent

polarization experiments.
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Fig. 7.4: Charge deuteron FF G¢(t) behavior.
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Fig. 7.5: Magnetic deuteron FF G;(t) behavior.
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8. TWO COMPONENT MODEL OF THE
DEUTERON ELECTROMAGNETIC
STRUCTURE

In this chapter we will introduce another, more simple model of the deuteron electro-
magnetic structure with transparent physical background and very low number of free
parameters. The idea of this model comes from lachello, Jackson, Land (IJL) model of

the nucleon [33].

8.1 lachello, Jackson, Land model of the nucleon

The IJL model describes the nucleon as a hard core with a surrounding meson cloud
(Fig.8.1), where the structure of the meson cloud can be described within vector meson
dominance model and hard core has the well known dipole structure. Therefore Dirac
and Pauli isoscalar and isovector nucleon form factors can be written as a product of

dipole term
1

=T

and VMD term, where isoscalar vector mesons w, ¢ saturate isoscalar FFs and isovector

(8.1)

vector meson p saturates isovector FF's

2 2

FS(t) = ! [(1—ﬁw—ﬁ¢)+ﬂmejt+ﬁ¢mT‘f’ ]

€
2(1—t)? 2 —t

FY(t) = gﬁ [u_ﬁp)wmej
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FS@) = St |(—012—ay) T 4 my
2 21—~ | T T e
1 m?
e = S @ ay 2
R ¢ 706mg_t} (52)

As one can see, Dirac FFs F°, F\ contain non-VMD terms in VMD part ((1 — 3, —
Bs), (1 —05,)), which correspond to direct coupling of the photon to hard core of the
nucleon.

IJL model of the nucleon provides very good description of the nucleon FF's in space-

like region and after some modification also in time-like region.

8.2 Two component model of the deuteron

The idea similar to IJL model of nucleon was used in constructing two component model
of the deuteron [28]. Contrary to impulse approximation models, we assumed that the
deuteron is composed from one hard core and a surrounding meson cloud (Fig.8.2).
Similar to IJL model all 3 deuteron FFs can be written as product of normalization
N; hardcore part g;(t) and VMD part Fj(t)

Gi(t) = Nigi(t)Fi(t), it = C, M, Q. (8.3)

While the deuteron is an isoscalar particle, the VMD part F;(t) is saturated only by

isoscalar vector mesons w and ¢

m? my
Fi(t)=1—a; = B + ay—5—= i
(t) @ = fi + @i 4

w

- (8.4)
where m,, (my) is the mass of the w (¢)-meson. Note that the ¢ dependence of F;(¢) is
parametrized in such form that F;(0) = 1, for any values of the free parameters a; and
0;, which are real numbers.

The hard core part ¢;(t) was chosen in a form similar to IJL case (8.1), with un-
known asymptotic behavior, as function of two parameters, also real, +; and d;, generally
different for each FF

gi(t) =1/ [1+ ;1] . (8.5)
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Fig. 8.1: A schematic picture of IJL model of the nucleon.
o
p

Fig. 8.2: A schematic picture of two component model of the deuteron.

o ¢

8.3 Results and discussion

In general this parametrization uses 12 free parameters - 4 free parameters for every
deuteron form factor (o, G;,7i,9;). However one can use constrains given by nodes in
G¢ and Gy behavior (8.6), which reduce the number of free parameters by 2 or assume
common structure of hard core for every deuteron form factor (ye = v =79 =7, 0c =
Oy = 0g = 6) , which reduces the number of parameters by 4.

As it was mentioned, the experimental data on G and G, show the existence of a
zero, for tgo ~ —0.7 GeV? and tyy; ~ —2 GeV?. The requirement of a node gives the

following relation between the parameters «; and g;, i = C' and M:

2 2
m- — to; m2 — to;

a=——e U _pgw 0 (8.6)
tOi m¢—t0i

In the fitting procedure this relation allows to obtain a better description of the data
and a faster convergence, giving physical constraints to the problem.
The data basis of the present study consists of the data from [6] and completed by

more recent measurements from Ref. [34].
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As a result of the procedure for the extraction of the values of G¢(t) and Gg(t)
from A(t), B(t) and t9(t), some experimental points show a large asymmetry of the
errors, which can not be neglected in this analysis. While there is still no general
guide how to treat asymmetric errors, we used two different ways to handle them. At
first no asymmetry was assumed and the average of the upper (o,) and lower (o_)
errors was taken. Then, an approach recently proposed in Ref. [35] was applied: linear

dependencies are assumed and the contribution to a modified y? is defined as

2 2

2 €; 2 €;
= ——, for ¢ >0, = ——, for ¢ <0, 8.7
X Z o2 X Z 0«2H' (8.7)

where ¢; is the discrepancy between the i-th experimental point and the value of the
corresponding function. In Ref. [35] another model, based on a quadratic approximation,
was preferred by the author, but it is not always suitable for our analysis, because, in
some cases it doesn’t give real solutions for the contribution to x2.

In any case, the analysis which takes into account the asymmetry of errors (8.7)
gives significant reduction of x? in all cases, but it didn’t influence significantly the
resulting parameters of the fit, except for G¢(t), where the errors on the parameters
were significantly reduced.

The results were firstly obtained with a three parameter fit 3, v, §, and the constraint
(8.6) for G and Gy and a four parameter fit «, (3, v, 0, according to Eq. (8.3), for
G¢ and are given in Table 8.1. Two solutions for FF's G¢ and G are consequence of
quadratic dependence on A(t), B(t),tso(t) (1.11).

The parameters v and 0, which characterize the global structure of the deuteron
(8.5) are similar for all deuteron FFs, especially G¢ and G, with good accuracy (Table
8.1) and the fit is quite sensitive to the choice of initial parameters, in particular for
Gg. In case of G, which is not constrained by a node, a good fit can be obtained with
a large cancellation of the terms driven by o and (. This means that FFs would be
mostly sensitive to the meson cloud (with common hard core for all deuteron FFs). In
order to test this hypothesis, a global fit was performed, keeping the v and ¢ the same
for the three FFs, which reduces the number of free parameters to 6. In such fit, two
solutions appear also for GG, related to the choice of the other two FFs. Results are

given in Table 8.2.
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« 0] v [GeV] 2 4] x2/ndf
Ge (1) 5.9+0.1 —5.2+02 | 139+14|0.96+0.07 0.8
Ge (II) | 5.0+0.2 —-454+03 | 11.54+£1.2 | 1.11 £ 0.09 1.2
Go(I) 3.1+1.1 —21+£12 72+28 1.6 £0.5 0.5
Go(II) 1.4+£20 —0.1+£24 77£1.6 1.7£0.4 0.8
Gy 3.78£0.04 | —287+£0.04 | 11.4+0.5 | 1.07£0.03 1.5

Tab. 8.1: Parameters for the three deuteron electromagnetic FFs. In case of G¢ and
G, « is derived from Eq. (8.6).

a g x2/ndf
Ge (I) | 5.7540.07 | =5.114£0.09 | 0.9
Ge (I) | 5.50 £0.06 | —4.78+0.08 | 1.3
Go(I) |42140.05| —3.414+0.07| 0.9
Go(Il) | 4.08+0.07 | =3.25+£0.09 | 1.6
Gu(I) | 3774004 | —2.864+0.05 | 1.6
Gu(I1) | 3744004 | —2.834+0.05 | 1.7

Tab. 8.2: Parameters a and (8 for the three deuteron electromagnetic FFs; from the

global fit. Parameters ¢ and v are common to all form factors and, in case of

Ge and Gy, « is derived from Eq. (8.6).
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Fig. 8.3: Fit to deuteron charge form factor data. The solid and dashed lines correspond
to the fits for the two different solutions for the data (solid and empty circles).

In Figs. 8.3, 8.4 and 8.5, the data points are shown, together with the result of
the second fit where solid (dashed) lines correspond respectively to the first (second)
solution. Open symbols in Figs. 8.3 and 8.5 correspond to the second solution for G¢
and Gg. The values of the best fit parameters are reported in Table 8.2. The common
parameters are 0 = 1.04 + 0.03, v = 12.1 + 0.5, for the first solution, corresponding
to x2/ndf = 1.1, whereas, for the second one, 6 = 1.05 £ 0.03, v = 12.1 + 0.5 and
x2/ndf = 1.5. The individual x2/ndf are reported in last column of Table 8.2. They
are slightly larger than in Table 8.1, as expected.
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9. UNITARY AND ANALYTIC MODEL OF
THE DEUTERON ELECTROMAGNETIC
STRUCTURE

9.1 Properties of electromagnetic form factors of the deuteron

Besides the impulse approximations of the deuteron form factors and lachello-like two
component model of the deuteron, it is possible to construct also an unitary and analytic
model of the deuteron EM structure. Within such model one considers deuteron as a
single hadron containing 6 constituent quarks. This assumption is well suited for energies
significantly higher than coupling energy of the proton-neutron pair in the deuteron -
2.2 MeV. As it was said in chapter 1, the electromagnetic structure of deuteron, can
be described by 3 form factors, e.g. Ge(t), Gu(t), Go(t), which experimental values
can be extracted from measurements of deuteron structure functions A(¢) and B(t) and
polarization observable t5 (1.11). Moreover, as deuteron is a spin 1 particle, the ratios
[36] of the deuteron FFs at large space-like and time-like momentum transfered squared
is given by

Ge(t) : Gut 1 Go(t) = (1—2n) : 2: —1, (9.1)

which together with the perturbative QCD [37, 38] predictions for the asymptotic be-

havior of the deuteron electromagnetic structure function A(t)

A®] ~ 67

[t} ——o0”

(9.2)
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imply the asymptotics of all deuteron EM FF's in both space-like and time-like to be

Ge(t) ~ t|;|5_>_oo
Got) ~ ty’. (9.3)

According to Chapter 4 one generally need at least m vector mesons to construct
unitary and analytic model of a hadron form factor with asymptotic behavior

F(t) ~tom

[t|——o0"

Therefore in the case of the deuteron at least 6 vector mesons are needed to describe its
EM structure and due to the isoscalar nature of the deuteron nucleus, they should be
also isoscalar vector mesons. However, experimentally revealed nodes in the space-like
region of the deuteron FFs Go and G (see Figs. 8.3 8.4) require the modified U&A
parametrization, developed in section 5.1, to reproduce such behavior. The modified
U&A parametrization (5.26, 5.29) of G () requires an additional isoscalar vector meson
increasing the number of required mesons to 7. Here we will describe [39] the deuteron
EM structure by the minimal unitary and analytic model of deuteron EM structure with

7 isoscalar vector mesons.

9.2 Constructing of unitary and analytic model of deuteron form

factors

In Chapter 5 it has been already shown how to construct unitary and analytic model of
any hadron form factor. We only need to know an asymptotic behavior of a hadron form
factor, whether or not there are some nodes in a FF behavior, ty — the square-root branch
point corresponding to the lowest threshold and t¢;, — an effective square-root branch
point simulating contributions of all other relevant thresholds, ratios of corresponding
coupling constants, normalization of a form factor at ¢ = 0 and we also need to know
masses and widths of all vector mesons included to the model. Naturally, some of them

are unknown and they have to be obtained from fitting experimental data.
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d d

Fig. 9.1: The Feynman diagram of the deuteron electromagnetic vertex generating the lowest

anomalous threshold in deuteron electromagnetic form factors.

In our case we know asymptotic behavior of all three deuteron form factors (9.3),
approximate position of the nodes in the space-like behavior of G¢ and Gy (toc ~ —0.7
GeV? and toy ~ —2.0 GeV?), the lowest threshold

m2 — m2 — m2)2
to = 4m? — (my L W _ 1.7298m2, (9.4)
mn

which is generated [40, 41] by the diagram shown in Fig. 9.1 and practically calculated
from the dual diagram presented in Fig. 9.2, normalization of all three deuteron form

factors

Ge(0) =1, Gu(0) = —pa; Go(0) = miQ, (9.5)

P
where g = 0.8574061 is the magnetic moment and Q = 0.286015 fm? is the quadrupole

moment of the deuteron and we also know masses and widths of five light isoscalar
vector mesons — w,w’,w”, ¢, ¢’. As another isoscalar vector meson we will use somewhat
heavier .J/.

A mass and a width of an additional isoscalar vector meson x, an effective thresholds
for Go, Gy, Gg — tine, tinumr, ting and an unknown ratios of coupling constants need to
be obtained from fitting experimental data.

Now we can use general (5.21) unitary and analytic parametrization for deuteron

FFs together with additional conditions (5.29, 5.30) for coupling constant ratios for G¢
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Fig. 9.2: The dual diagram from which by means of methods of elementary geometry the

position of the lowest anomalous threshold is calculated.

and G given by the node positions.

GC(t) = <%> [(1 - aC:J/\I/ - aC:x) H LH(WU)

v:“‘)?w/ 7w//7¢7¢/

+ 'CH(WJ/\I/)QC:J/\I/ + /CH(Wx)a'C’x] (96)

au = (S (B o) T H R

1— V2
N P v=w,w' W ¢, TV

GQ(t> = <ﬂ) (m?lQ - aQ:a:) H LH<UU) + ‘CH,(UI)QQ:z >

- U2
’U:w7w/7w// 7¢7¢/7J/qj

" (1= acie) Mmoo gy LH (Wiltoc)) + LH(W(toc))aca
C.J/w Hvzw,w/7w//v¢7¢/ LH(W,(toc)) — LH(W,u(toc))
ittt oot .00, a0 LH(Va(forr)

e va:w,w',w",¢,¢',J/q/ LH(V,(ton)) — LH(Vz(torr)) (9-7)
LH(X,) = LH(X,) Y I1 {LH(Xv@(();’))__g(é’f))}
i=w,w W ,p,¢ v=w,w! W ¢ A v (
) = ) 2 I {e0gk e |

i:w7wl7w,/7¢’¢l7‘]/‘ll U:w7w/ 7wll7¢7¢/7j/\y7’u¢i
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and

B = R R R S Yy e
ESITSs S i et an o R R
I i Al B S
C) = R Sy e

and X takes different form for each deuteron form factor — W for G¢, V for G, and U
for GQ

to

(

(
(e
-

(

(

If no parameter is given for U, V., W or X, it should be evaluated at the same ¢ where

FF is evaluated or at t,,q4. for calculation of the ratios (9.7).

9.3 Analysis of the data on deuteron structure functions and

polarization observables

In the previous Section we constructed the U&A model of deuteron electromagnetic
structure, which uses 7 vector mesons. The constructed model depends on physi-
cal parameters like m,, [, for v = w, W', W" ¢, ¢, J/W, z, on the effective thresholds

tinc, tinit> ting and on unknown ratios ac., and ag.,. Naturally, we can fix masses m,
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Fig. 9.3: Behavior of the deuteron structure function A(t) predicted by the U&A model of the

deuteron electromagnetic structure and its comparison to the experimental data.

and widths I';, of all known vector mesons (w,w’,w”, ¢, ¢, J/¥), what means, that there
will remain 7 free parameters, which can be numerically evaluated in the optimal de-
scription of all available experimental data on the deuteron structure functions A(t),
B(t) and the polarization observable #5(t). The results were obtained by using CERN
program ROOT [42] and corresponding behaviors are shown on Figs. 9.3, 9.4, 9.5 to-

gether with data. The values of free parameters are given in Table 9.1.

mg Iy tinc tinM tinQ

MeV MeV GeV?2 GeV? Gev? aC:z aQ:x
504.9+0.1 | 677.6+0.2 | 18.2+0.1 | 202+0.2 | 7.8+ 0.1 | 3.434+0.01 | 28.14 +0.03

Tab. 9.1: Fitted parameters of the U&A model of the deuteron EM structure.

As one can see, we obtained a good description of the deuteron structure functions
A(t), B(t) and polarization observable ty(t) with y?/n.d.f. = 4.61. Moreover the
constructed model with the same values of free parameters can be used for the description
of experimental data on other deuteron EM FFs G¢(t) and G(t) (see Figs. 9.6, 9.7) as
well as for estimation of all deuteron EM FFs time-like behavior (see Fig. 9.8), which
allows us to estimate measurable quantity - the total cross section of the annihilation

process e~ et — dd
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Fig. 9.4: Behavior of the deuteron structure function B(t) predicted by the U&A model of

the deuteron electromagnetic structure and its comparison to the experimental data
233
- T
atot(efe+ — dd) = 3t6

which is planned to be measured during years 2007-2010 in Peking (BES3). The esti-

mated behavior of g,y is given in Fig. 9.9.

[3|Gc(t)]? + 47 (|Gm(t)]? + 271G (1)])] (9.8)
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Fig. 9.5: Behavior of the deuteron polarization observable fo0(t) predicted by the U&A model
of the deuteron electromagnetic structure and its comparison to the experimental

data
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Fig. 9.6: The behavior of the deuteron charge form factor G¢(t) predicted by the U&A model
of the deuteron electromagnetic structure and its comparison to the experimental

data.



9. Unitary and Analytic Model of the Deuteron Electromagnetic Structure 106

10

Go()

Fig. 9.7: The behavior of the deuteron quadrupole form factor Gg(t) predicted by the U&A
model of the deuteron electromagnetic structure and its comparison to the experi-

mental data
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Fig. 9.8: The behavior of the deuteron EM form factors G¢(t), Gar(t), Go(t) in the time-like
region estimated by the U&A model of the deuteron electromagnetic structure. Full
line corresponds to charge FF G¢(t), dashed line corresponds to magnetic FF Gy (t)
and dotted line corresponds to quadrupole FF Gg(t).
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Fig. 9.9: The total cross section of the annihilation process e“et — dd behavior estimated by

the U&A model of the deuteron electromagnetic structure.



10. AXIAL FORM FACTOR OF THE
NUCLEON

10.1 Introduction

The axial form factor of the nucleon, introduced in the Chapter 1, describes weak
structure of the nucleon. Usually the dipole parametrization is assumed in the space-
like region

94(*) = ga(0)(1 = ¢*/m%) ™ (10.1)
where m4 = 1.06 GeV stands for mass of the axial meson and g4(0) = 1.2673+0.0035 is
the normalization of the nucleon axial form factor. However similarly to the dipole form
factor of the nucleon EM form factors this parametrization is rather inaccurate and it
has poor physical background, while there is no real axial meson with mass 1.06 GeV.
Moreover, up to now there is no model of the nucleon axial form factor to describe its
behavior in the time-like region, which will be needed in the next Chapter to estimate
pion production in nucleon-antinucleon annihilations.

Therefore we suggest [43] a simple phenomenological parametrization of the axial
nucleon form factor and we make a fit on the available experimental data. The present
description of the nucleon structure is based on IJL model of nucleon [33] with a compact
core surrounded by a meson cloud. Its advantage is a possibility of a reasonable extension
to the time-like region where no experimental data are available.

Up to now, the axial form factor of the nucleon has been measured directly in neu-
trino scattering experiments and in pion electroproduction experiments. In our analysis
we consider data from the pion electroproduction only, as in the neutrino scattering ex-
periments the dipole approximation is assumed a priori and only an axial meson mass is

extracted from the data. On the other hand in the pion electroproduction experiments
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the axial form factor is related to the slope of differential cross section as a function of €
near threshold. Low energy theorems calculate electric dipole amplitude at threshold in
case of soft pions. In order to compare with real data model dependent corrections must
be introduced to take into account finite pion mass. The data and their corrections will

be discussed below.

10.2 Formalism

In the framework of the IJL model [33], it is possible to parametrize the axial form
factor of the nucleon as

2

ga(t) =g(t) |1 —a+« 94(0) (10.2)

m? —t
where « is a fitting parameter, my = 1.17 GeV is the mass of the lightest axial meson
h; and

g(t) = (1 =~t)"" (10.3)

is the function describing the internal core of the nucleon and according to IJL model
of the nucleon v ~0.25 GeV~2 is a fixed parameter.
The asymptotic behavior of this parametrization is driven by
oa() — L=l
(7t)
with a negative value for a > 1.

A possible generalization can include the contribution of two or more axial mesons,

with different masses.

10.3 Analysis of data

The considered set of data includes all points measured in pion electroproduction on
nucleon experiments. A compilation can be found in Ref. [44].
The t-dependence of the nucleon axial form factor g4(t), was measured in several

pion electroproduction experiments at the threshold since a few decades. The slope
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of the total unpolarized differential cross section at threshold, contains information on
ga(t). The numerical value of this FF is model dependent.

In general, four different approaches were used to extract values on the axial form fac-
tor of the nucleon. Soft pion approximation (SP) [45], partially conserved axial current
approximation (PCAC) [46], enhanced soft pion approximation — Fulran approximation
(FPV) [47] and Dombey and Read approximation (DR) [48].

As a consequence of these competing approaches, up to four experimental values
may be extracted from a single measurement (at fixed t). Alltogether 67 experimental
points are available, corresponding to only 32 measurements. Data from Ref. [49] were
considered separately, as they correspond to A excitation in final state. In order to
evaluate the systematic error, the data were therefore separated in 5 groups according
to used approach (measured processes). The data from [50] were not considered in the
final fit, following Ref. [44] as they are systematically higher as well as data from [45].

The data are plotted in Fig. 10.1(a).

models used for the extraction of the data but may correspond to the same experiment.

Different symbols correspond to different

A global one parameter fit was performed, as well as individual fits to the 5 data
sets, according to Eq. 10.2. The results are shown in Table 10.1 and in Fig. 10.1. The
final global fit gives o = 1.46 + 0.04, with x?/n.d.f. = 81.47/48 = 1.70.

Model DR FPV Sp PCAC A all
o 1.294+0.08 | 1.74£0.13 | 1.08 £0.06 | 1.66 £0.05 | 1.13 £ 0.07 | 1.46 = 0.04
x2/n.d.f. 1.38 0.80 3.75 0.76 0.45 1.70

Tab. 10.1: Fitted « parameter for various approaches of extracting data on axial FF.

10.4 Extension to time-like region

An extension to the TL region of the presented model can be made in the similar way as

in the original IJL. model of nucleon EM FFs. It can be summarized in following steps

e An complex phase §, the same as for IJL. model, is introduced in the internal core
term (10.3).
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Fig. 10.1: (a): Fits of the nucleon axial form factor made separately for different approaches,
where triangle points and dotted line corresponds to SP [45], square points and
dashed line — FPV [47], reversed triangle points and long dashed line — DR [48],
full circle points and full line — PCAC [46], empty circle points and dashed-dotted
line — A excitation [49]. (b): The final global fit of the nucleon axial FF.

e VMD term corresponding to exchange of axial meson should be substituted by

Breit-Wigner formula due to considerable width of assumed axial meson.
These modifications leads to following parametrization of axial FF in TL region

m?% (m% —t +imal )
(m% = )" + (mal'a)?

94(0) (10.4)

ga(t) =gt) |l —a+«

where
g(t) = (1 —e“t) -, (10.5)

The TL behavior of the nucleon axial FF is given in Fig.10.2 and the value of axial FF is
significantly higher than in the SL region. The position and shape of the presented peak
is given by values of 7 and § in the internal core term (10.5). However appropriateness
of such TL behavior can not be verified due to no available data on the nucleon axial
FF in TL region.
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Fig. 10.2: Predicted nucleon axial form factor behavior in the TL region.

10.5 Dipole limit for 1JL formula

There is also an alternative way to obtain reasonable description of available data on
the nucleon axial form factor with presented model by satisfying compatibility with old
dipole fit. The idea of this method is to force same small ¢?> behavior of both models.
In the first order of Taylor series

lim ga(t) = ga(O)(1+ 157)

t—00 M7

lim ga(t) = ga(O)(L+ (2y+ —5)b) (10.6)
A

where M, is mass of axial meson fitted in dipole approximation and m, is mass of

real(lightest) axial meson. By assuming the same behavior one gets

o = 2m?(

— —y) =171 10.
=T (10.7)

As we can see in the Fig. 10.3 such method also provides reasonable description of the

available data.
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Fig. 10.3: The nucleon axial form factor in the dipole limit as a function of ¢



11. MEASUREMENT OF THE NUCLEON
EM AND AXIAL FFS

11.1 Motivation

Up to now it has not been possible to measure nucleon electromagnetic form factors in
the time-like region under threshold of the annihilation — so called unphysical region,
because this region is kinematically forbidden for the annihilation reaction p + p —
et + e~ usually used for measurement of nucleon time-like EM form factors. Also there
are no experimental data on axial form factor of the nucleon in the time-like region.

In this Chapter we will study [51] the annihilation reactions

p(p1) +n(p2) — 7 (gz) + € (p=) + * (py4) (11.1)
p(p1) + p(p2) = 7°(ge) + € (p-) + € (py), L= e, p

which are the crossed processes of pion electroproduction on a nucleon e~ + N —
e~ 4+ N 4+ 7. They contain the same information on the nucleon form factors in the
different kinematical region. These processes are also related to the pion scattering
process m + N — N + {~ + ¢+ which was studied in [52]. In that paper it was pointed
out, that annihilation processes (11.1) give possibility of determination of the nucleon
electromagnetic form factors in the unphysical region, which is otherwise unreachable by
the annihilation reaction p+p — e* 4+ e~. In another paper [53] a general expression for
the cross section was derived and numerical estimations were given in the kinematical
region near threshold. Now we will take into account a larger set of diagrams contribut-
ing to the processes and we will give special emphasis to the possibility of extraction
of the axial nucleon form factor in the time-like region. The aim of this Chapter is to

estimate differential cross section for experimental conditions achievable at the future
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FAIR facility [54] by using existing models of nucleon structure extended to time-like

region.

11.2 Formalism

Our approach is based on Compton-like annihilation Feynman amplitudes and aims to
establish the matrix elements of the processes (11.1). The main uncertainty in this
description in terms of Green functions of mesons and nucleons is related to the model
dependent description of hadron FFs. Possible tree level Feynman diagrams of the
considered processes (11.1) are shown in Figs. 11.1, 11.2 and they differ in a particle
emitting lepton-antilepton pair. In the case of the first process there are only two
possible tree level diagrams, while spinless neutral particle 7° can not emit the ¢ pair.

As it has been already discussed in [53] vertices of pion and nucleons, v*NN* and
~v*r*, contain virtual hadrons, and rigorously speaking, electromagnetic form factors
should be modified taking into account off mass shell effects. However we will use
standard on mass shell form factors as errors of such approximation are at the level of
3% [55].

Therefore the expression for nucleon electromagnetic current can be written as
Fy' ()

(NG [T @] Nw) = ') | B @+ =257

(@ = @) | wlp) , N =mn,p,
(11.2)
where M is the nucleon mass, ¢ is the four-momentum of the virtual photon and FN, FY
are Dirac and Pauli form factors of the proton and neutron.
The pion (77) electromagnetic form factor Fy(q?) is also introduced in the standard

way through corresponding EM current as

Jr = (01 + @2)uFr(d2), (11.3)

where ¢, ¢, are momenta of incoming and outgoing charged pion and ¢, = ¢; — @o.
Special attention must be devoted to the pion nucleon interaction in the vertices TN N,

which are parametrized as

U(p1)Y5u(p2)genn(s), and  o(pr — @) vsu(pa2)genn (ms) (11.4)
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with s = (p1 + p2)2.

The vertex of T NN interaction can be related to the general axial vector current
matrix element

(N(@) |AL0)| N(p)) = a(p') |Galg®)yu + iG?D(qQ) + iU_WGT(QQ)} s Zu(p),

2M 2M 2
(11.5)

where g, = p), — pu, Ga(¢®) is the axial nucleon FF, Gp(¢*) the induced pseudoscalar
FF and Gr(¢?) the induced pseudotensor FF. In the chiral limit, the requirement of

conservation of the axial current leads to the relation:
AMG A(¢®) + ¢°Gp(q®) = 0, (11.6)

which shows that Gp(g?) has a pole at small ¢*. Indeed, assuming that the axial current

interacts with the nucleon through the conversion to pion interaction, one obtains

_4Mf7rg7rNN(q2)

Gp(q®) = 7

(11.7)

By comparing Egs. (11.6) and (11.7) one obtains the Golberger-Treiman relation

Ga _ gaNN

- . 11.8
M (11.8)
Assuming a generalization of this relation in the form
MG
9(5) = gawn(s) = f—A(S) G 4(0) = 1.2673 £ 0.0035, (11.9)

2

e

where ¢(s), g(m2) are the pion-nucleon coupling constants for pion off and on mass
shell. This assumption can be justified by the fact that f, is weakly depending on ¢
and it is in agreement with the ChPT expansion at small ¢* [56]. Therefore measuring
the g,vn(s) coupling constant gives information on the axial and induced pseudoscalar
FFs of the nucleon in the chiral limit (neglecting the pion mass).

The matrix element can be expressed in terms of the hadronic H and leptonic J

currents

. Ara ‘ '
M= =5 H,7%(0), Hy = 0(p)Oyulps), J*(q) = 0(ps)yu(p-), (11.10)
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Fig. 11.1: Feynman diagrams for the reaction p +p — 7% + ¢+ 4 ¢~.

n(pa)

(©)

Fig. 11.2: Feynman diagrams for the reaction p+mn — 7~ + T + /™.
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where the index i = 0, — refers to 7° and 7~ respectively. The cross section for the case
of unpolarized particles has a standard form (we imply that the nucleon target is at rest
in the Laboratory frame)
. 1 )
do' = M'[*dl, P* = E* — M? 11.11
where E is the energy, P is the modulus of the momentum and dI" is the phase space

volume
1 &py &Pp_d’¢x

(2m)5 2ey 26_ 2F;
The phase space volume can be written as

dr = ' pr+pa— Py — D — ) (11.12)

d’q d'q
dl' = —= 54 —
2Eﬂ— q (2 ) (pl +p2 q— )
with BB
b+ a"p— 4
r = = —pr —p_).
d q 2€+ 267 5 (q p+ p )

Considering an experimental set-up with the fully measured pion four-momentum, we

can perform the integration on the phase space volume of the lepton pair

/dr S L@ ila) =~ + 20 —4ﬂ>(gw—qgg”), (11.13)

where O is the usual step function, p is the lepton mass and g = /1 — (4u?/q¢?)

The cross section can be expressed in the form
o’ B¢ +2p7)  dgx

do' = 11.14
7 Gsar (¢%)? ok’ ( )
with
5= (g +q)° =2M(M + E), r = /1 — (4M?/s) (11.15)
and
2 v 1 A LAVERN T\k
D' = <9W - qg‘j ) ZTr(pl — M)O,,(p2 + M)(O,)", i =0, —. (11.16)
Using Feynman rules we can write (see Figs. 11.1, 11.2)
- P1— q - M
— I”
ﬁQ_Q"f’M 2 (2QW+Q)M 2
r" L g(s)F, 11.17
5(p2—q) — M2 w(@)g(mz) + s —m2 9(8)Fr(a”) 75 ( )
pL—q—M Po—q+ M 9
o, = T¢ T . (1118
I M(Q) (pl _ q)2 M2’759( ) s (p2 — q) — M2 ,u(q)g(mﬂ') ( )
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Note that the hadronic current J) = o(p1)Oju(ps) is conserved J)g" = 0, but
J, = 0(p1)O, u(p2) is not conserved

0T, = [(=FF (@) + F1'(@*)g(m3) + g(s)Fx(a*)] 9(pr)vsu(pz) = Co(pr)vsu(p2).
(11.19)
Therefore, to provide gauge invariance, it is necessary to add to O, a contact term with
the appropriate structure (11.19).
The explicit expression for D° (corresponds to the process p+p — €T+ ¢~ +7°) can

be written as

1= PR i

E-M 1 ¢\ (1-X)?
|f2p|2{ _5(1_41\42) X

and the expression for D™, which corresponds to the process n+p — £+ + 0~ + 7 is

2 2
[ZC“|-]CZ|2+2 Z CJkR f]fk) |§| ] ) i?jak:]-p72p71n72nuaa

1k;i<k
(11.21)
where ¢?-dependent terms, which contain FFs are
fa(‘S) = Fﬂ'(q2> WNN( ) f’lN( ) = ( Er)FlN<q2)7 1= 1727 N = n,p,
C<S) = fa(s) - flp(qZ) + f1n<q2)>
quantity X is defined as
x =D (s )/ 2ME,) —1 (11.22)
P2qr
and coefficients used in (11.21) have the following form
2q>
Cipip = AX, Cypop = M2 1+ o XY Cpap= —3(14X). Cop= =4
1 s q> 1
Cln,ln X’ O2n72n M2 ( + 25 X) Cln?n 3( + X)a
¢’ 1
Ca,lp = 2, Ca,2p = 1 — ; (1 + X) , Clp,ln — 47 Clp,Qn — X _ 2X _ 1 ’
2 7> 2
CQp,Zn - (2+}_2M2+X)7C2p,1n:<X_}_1)>

2
Cagn = —2, Caon=— (1 - %> (1 + %) : (11.23)
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Selecting the coefficients which depend on pion energy in D;, Eq. (11.16), one can
perform an analytical integration on the pion energy can be performed. In the limit of
small lepton pair invariant mass, ¢?, after integration on pion energy, the differential
cross section with respect to ¢? becomes
_ @lgls) — g(m2)]*
24mr

o, do

(QQ) d—qQ

(11.24)

q2 <<M2

Eq. (11.24) shows that the measurement of the cross section at small ¢* allows to
determine experimentally the off mass shell pion nucleon coupling constant.

Writing the differential cross section in the form

do  (¢* +2p°)8 {

g (¢2)?

where ¢ and R(0) are finite functions of s. After integration of lepton invariant mass,

3+ R )} , (11.25)

we find

* do c(s) ( s 5) * dq?
Orot = —d¢®* = =2 +R(0,s) [ log—= — = +/ —I[R(¢%, s) — R(0,s)]. (11.26
w= [ et =G RO (o5 =5 )+ [ TR )~ RO, (1120

The first term in the right hand side of Eq. (11.26) is divergent for massless leptons,
and induces a rise of the cross section (especially in the case of electron positron pair).
However it is very hard to achieve experimentally such kinematics, ¢> — 4u2. The
total cross section can be integrated within the experimental limits of detection of the

particles. Such (partial) total cross section will be calculated below.

11.3 Kinematics

In the Laboratory system, useful relations can be derived between the kinematical vari-
ables, which characterize the reaction. The allowed kinematical region, at a fixed inci-
dent total energy s can be illustrated as a function of different useful variables.

One can find the following relation between ¢, the invariant mass of the lepton pair

and the pion energy

@ = (pl—i—pg—q,,)2 = 2M2—|—m72r—|—2]\/[(E—E,r)—Qplq,r = s+mfr—2E,rM—2p1q,r, (11.27)
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Fig. 11.3: Left: The kinematical limit for ¢? is shown for cos #; = —1 and for cosf, = 1 in the
Lab system as function of the pion energy for different values of the beam energy:
E=2 GeV? (dotted line), E=7 GeV? (dashed line), E=15 GeV? (solid line). The
allowed kinematical region lies below the curves. Right: Kinematical limit for the
pion energy E as a function of the pion angle (Lab system), for E=2 GeV? (dotted

line), F = 7GeV? (dashed line), E = 15GeV? (solid line), for the minimum value
2

e

of > ~m

with
201Gx = 2E, E — 2/ E2 — m2 P cos 0, (11.28)

where 6, = ﬁ/llir is the angle between the antiproton and the pion momenta (in the
Laboratory frame).

The limit —1 < cosf, < 1 translates into a maximal and a minimal value for the
pion energy. The allowed kinematical region is shown in Fig. 11.3 left, for three values

of the beam energy: F =2, 7, 15 GeV. To this constraint, one should add the minimal
2

T

thresholds ¢> > 4m? and E, > m,. For the minimal value of ¢* ~ m2 | one can plot
the dependence of the pion energy on 6, (Fig. 11.3, right), for different values of the
beam energy. As the energy increases the kinematically allowed region becomes wider.
At backward angles the maximum pion energy becomes larger at small s values. For

larger values of ¢?, F, is smaller.
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For fixed values of the lepton pair invariant mass, the pion energy can take values

in the region ‘
Egzm g — q2 E7r s — q2 E;:wx
= < — < = ,
M s(I4+r) = M = s(1—r) M

neglecting the pion mass.

(11.29)

The phase space volume of the produced pion can be written (neglecting terms

~ m2/m%) in three (equivalent) forms

Py
5 é’ = d¢*§[¢* — 2E.(E + M — Pcos0,)]|E,dE,dcos 0,
T ™
= FE.dE.dcosf, (11.30a)
dq?
- v gE, (11.30b)
ST
2N 272
_ g M?dq*d cos 0, (11.30¢)

s2(1 —rcosf,)?
11.4 Axial and EM form factors

In order to estimate cross sections of the considered processes we will use existing models
of nucleon and pion structure. The nucleon EM form factors in the time-like region can
be described by the simple pQCD inspired model with smooth behavior, which does not

show any discontinuities and can be considered an ’average’ expectation

A(N)

q* (1n2 q_2 + 7r2)
A2

where A = 0.3 GeV is the QCD scale parameter and A is fitted to the data. This
parametrization is taken to be the same for proton and neutron. The best fit is obtained
with a parameter A(p)= 98 GeV* for the proton and A(n)= 134 GeV* for the neutron,

which reflects the fact that in the TL region, neutron FFs are systematically larger than

GE| = |G| = , ¢ > A%, (11.31)

for the proton. In principle, this parametrization holds only for very large ¢* values,
but, in practice, it reproduces the existing data quite well in the whole physical region.
Evidently it is meaningless at small ¢, (¢* < A?), and it has not the good normalization

properties for ¢ — 0.
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Fig. 11.4: Nucleon electromagnetic FFs in time-like region: proton electric FF (a), proton
magnetic FF (b), neutron electric FF (c¢), neutron magnetic FF (d). Data are from

[59] and predictions from model [33] (solid line), and from pQCD (dashed line).

For a comparison we will use VMD-based model [33, 57] of the nucleon EM form
factors, with characteristic resonance behavior in the unphysical region. Both models
have been well discussed in the [58] and the behavior of these FF's is shown in Fig. 11.4.

Data on the nucleon axial FFs in TL region do not exist, and they suffer in SL region
from a model dependent derivation. In SL region, the nucleon axial FF, G 4(¢?), for the
transition W* 4+ p — n (W* is the virtual W-boson), can be described by the following
simple formula [44]

Galg®) = Ga(0)(1 = ¢*/m3)™" (11.32)

with m4 = 1.06 GeV, if n = 2. A simple analytical continuation of this prescription to

the TL region, presents a pole in the unphysical region. Therefore we used a 'mirror’
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Fig. 11.5: Proton axial FF from VMD inspired model (solid line) and from a dipole extrap-

olation (dashed line).

parametrization from SL region
FFID(|¢%)) = FFED ().

Such a prescription is, in principle, valid only at very large ¢, since it obeys to asymp-
totic analytical properties of FFs [60].

Again for a comparison we will use the VMD-inspired model of the nucleon axial form
factor discussed in Chapter 10 extended to time-like region (10.4,10.5). The behavior
of both models is shown in Fig. 11.5

Concerning the pion FF, a reasonable description exists in the kinematical region of
interest here, for a recent discussion see Ref. [61]. For the sake of simplicity, we use here
a p meson saturated monopole-like parametrization, which takes a Breit Wigner form

in TL region

Fo(q®) = £ (11.33)

11.5 Results

The differential and integrated cross sections were calculated for several values of the

antiproton energy and different choices of FFs described above.



11. Measurement of the Nucleon EM and Axial FFs 125

| ’"llllmum41%""'""""

Ijj l I
ll,ll i

B lln,,,,’,’,’,'"ll"lm",
) 17

n Ilm
"'" 7 ,,,'"unmm "lll

“,"'l iy

"l""ll"""

Il

\ ""'":':',' ”""m "”", i l'll
| !l.',,, m’,’,’,’,’,,"l,nn

il il
| W'}'r"’:"’.’,’.’,’, ,-,.,.,.,.,.,.,.,.,,un:n::uu:ui,:,:::’::::,
1

177 i

117}
"nnn’:’,’,’,'"’llll"

d’o/dE_dq’ [mb/GeV?]
d*0/dE dq* [mb/GeV?]

Fig. 11.6: Left: Double differential cross section for the reaction p +p — 70 4+ ¢+ + /= as
a function of ¢> and E;, using FFs from [33] for nucleon and (10.4) for axial FF.
Right: Same quantity as in the left plot for the reaction p+n — 7~ +¢* +/¢~. The

kinematical constraints in the (E,, ¢?)-plane shown in Fig. 11.3 are visible here.

The differential cross sections, Eq. (11.14), as a function of E, and ¢*, Eq. (11.30a),
are shown in Figs. 11.6 and 11.7 for the reactions p+p — 7%+ 0T +¢~ and p+n —
7~ + LT + ¢ and at E= 7 GeV?2. As one can see from the figures, the differential cross
sections are large and measurable in a wide range of the considered variables. It is
reasonable to assume that the region up to ¢ = 7 GeV?, at least, will be accessible by
the experiments at FAIR.

The discontinuities in the small ¢? regions are smoothed out by the steps chosen
to histogram the variables. However, depending on the resolution and the reconstruc-
tion efficiency, it will be experimentally possible to identify the meson and nucleon
resonances.

In order to illustrate the kinematical region in the plane E, - 0, the double differ-
ential cross section for the process p+n — 7 + ¢+ + ¢~ is shown in Fig. 11.8, for s = 7
GeV?2.

The differential cross section as a function of ¢? can be obtained after integrating on
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the pion energy, Eq. (11.14), with the help of Eq. (11.30b)

do'  o® B +2*) M
dg? ~ Gsmr (@®)?*  sr Jgmin

max
E‘Ir

D'dE,, (11.34)

where the integration of the hadronic terms (11.20, 11.21) can be done analytically by

using following integrals

max
E7r

dE, r(s = ¢ s — ¢
/;nzn M 2M2 " ’ 2M2

Emax

Emafl: 2
© o dEy © dE; 1 s—gq 1+
X = - = 1 —r| =b(l - 11.
/;nm Vi /;M X o T b(l —r), (11.36)

(11.35)

where 7 is given in (11.15) and ¢ = In[(1 +7)/(1 — r)]. The result of the integration on
the pion energy is

- for the process p+p — (T + (= + 7°

max
E7r

dE;, E-M q
/ . DO M =b 2|f1p f2p|2£+|f2p|2 TT+ 1_4M2 (27“—5)
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Fig. 11.8: Double differential cross section for the process p+n — 70 4+ ¢+ 4+ ¢~ as a function
E, and cos 6, using FFs from [33] for nucleon and (10.4) for axial FF (darker gray

correspond to larger values).
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- for the process p+p — (T + (= + 7°

B dE, b N . 5218
D = D KulfilP+2 ) KjeRe(f;f{) +1CP=| , (11.38)
™ ( Jkg<k
where
s ¢
Klp,lp = 4(€—T),K2p,2p:W T+%(€—7”) s
2 2
Klp,2p == _367 Ka,a = (% — 4) T,
S q2
Kln,ln = 4 (€ - T) ) K2n,2n = W T+ % (6 - 7’) , Kln,2n = —367
q2
Ka,lp = 2T> Ka,2p = (1 - g) E, Klp,ln = 47”, Klp,2n = _67
q2
KQp,Qn = |:3€ - (]- + W) T’:| ) KQp,ln = _67
q2
Ka,ln - —27“, Ka,Qn = - <1 - ;) E; (1139)

The result of the calculation is shown in Fig. 11.9. For charged pion production,
the presence of the axial FF is the reason of a larger cross section as compared to the
neutral pion case. For both reactions, again, the present calculation gives an integrated
cross section of the order of several ub in the unphysical region, for both choices of FFs.

The ¢? dependence is driven by the choice of FFs. In case of pQCD-like FFs, the
behavior is smooth and similar for proton and neutron. In case of FFs from [33], the
resonant behavior due to p, w and ¢ poles appears in the figures.

It is also important to mention that a similar experimental setup allows to study a
multipion production. In such case the quantity s; = (p; + p2q)?m?2 becomes positive
and by varying of s; at xed beam energy, by changing ¢ and 6,, it is in principle possible
to identify and study other mechanisms, as the excitation of heavy pion resonances, 7’ ,
or the possible presence of a NN quasi-deuteron state under the kinematical threshold
for pp annihilation in two leptons. The study of multipion production will be the subject

of a forthcoming publication [62].
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12. POLARIZATION OBSERVABLES OF
THE DEUTERON IN THE TIME-LIKE
REGION

12.1 Motivation

The elastic electron-deuteron scattering has been investigated in many experiments and
cross section data covers a large range of momentum transfers. However the measure-
ment of the differential cross section of unpolarized elastic scattering allows to determine
only the structure functions A(t), B(t) and we don’t have enough experimental informa-
tion to extract all 3 deuteron form factors. Fortunately during last years, it has become
possible to measure not only unpolarized cross section, but also polarization observables,
due to the development of polarized electron beams, polarized deuteron targets and po-
larimeters. Recent polarization data for electron-deuteron elastic scattering, especially
polarization observable tyg, allowed determination of deuteron charge quadrupole form
factors up to a value of momentum transfered squared t = —1.8GeV?2.

The situation in the annihilation channel e"et — dd is even more complicated. Even
though the unpolarized cross section still has not been measured, it is already clear, that
2 real structure function extracted from Rosenbluth separation wouldn’t be sufficient for
extraction of 3 deuteron form factors, which are complex functions in time-like region
(equivalent to 6 real functions). Therefore the measurement of polarization observables
is even more essential in annihilation channel. In this Chapter we will derive [63] general
expressions of polarization observables as functions of deuteron form factors for the case
of longitudinally polarized electron beam and arbitrary polarized produced deuteron

and we will give numerical estimation of these observables based on models of deuteron
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form factors developed in previous Chapters.

12.2 Polarization Observables

In the one photon approximation the differential cross section of the annihilation reaction
e (k1) + e*(k2) — d(p1) + d(p2) (12.1)

can be written in terms of the leptonic L,, and the hadronic W, tensors as

do a?3 LW
aQ 42 ¢t

(12.2)
For the case of longitudinally polarized electron beam the leptonic tensor (3.46) is
LMV = _qQQMV + 2([4?1”]{?2” + kl]ij“) + 22‘)\e <,W/k71Q> ) (123)

where A is the degree of the beam polarization and further we will assume a completely
polarized beam with A = 1.
The hadronic tensor can expressed in terms of deuteron electromagnetic current J,
as
Wy = JuJ,, (12.4)

where deuteron electromagnetic current describes transition v* — dd, which can be

written similarly to (1.5) as [64]

J _ 2 * * G3<q2) * * q2 * *
v = (Pl —pz)u _Gl(q )Ul Uy + W((A ~qUy - q — 3U1 'UQ) (12-5)

where U, U, are the polarization four-vectors describing the spin 1 deuteron and
antideuteron, and G;(¢*) (i = 1,2,3) are the deuteron electromagnetic FFs. The FFs
Gy(¢?) are complex functions of the variable ¢*> = ¢ in the region of the TL momentum

transfer. They are related to standard deuteron FF's as

2

2 2 q
GM:GQ, GQ:Gl—G2+2G3, Gcng(GQ—FGg)—i-(l—gT)Gl, T = 4M2. (126)
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In the case when polarization of the deuteron is measured and the polarization of the
antideuteron is not measured, the spin-density matrices of the deuteron and antideuteron

can be written as

« PPy 31
Uy Uy, = — (g;w— 1](}21 )+ s Hvspr) + 3@
) PauDau
Up Us, = —<gW_ o ) (12.7)

where s, and (), are deuteron polarization four-vector and quadrupole-polarization

tensor and they satisfy following conditions

82 = _]-7 Sp1 = 07 Q,UJ/ - QV,M’ QHIJ = 07 pl#QNV =0.

Taking into account Eqgs. (12.4), (12.5) and (12.7), the hadronic tensor in the general

case can be written as the sum of three terms
Wi = W/W(O) + WW(V) + WW(T)a (12.8)

where W,,,(0) corresponds to the case of unpolarized deuteron and W, (V)(W,,(T))
corresponds to the case of the vector (tensor) polarized deuteron. The explicit form of
these terms is

- the unpolarized term W, (0):

2
WMV(O) = Wl(qz)g,uu + %ﬁluﬁlu
gl“’ = Guv — q,u;]V 5 ﬁlu = Pip — ]L;]q“
q q
Wi(g?) = 8M?*7(1—1)|Gul? (12.9)

2 8
Wa(q®) = 12M*(|Gel?* — §T|GM|2 + §T2|GQ|2>-

- the term for vector polarization W, (V):

Wu(V) = ﬁSI(QQ) <uvsq>+#52(q2)[ﬁm (vsqp1) — Prv (1sqp1)]
+%Sg(q2) (D1 (vsqpr) + Pr (usqpr)] (12.10)
Si(¢?) = =3M*(r—1)|Gul?

Sa(q?) = BM?[|Gurl’ ~ 2Re(Ge — 5Go)Gi]

Ss(@?) = 6M2Im(Gc—%GQ)Gj‘W.
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- the term for tensor polarization W, (T):

W,UV(T) = %(QQ)quV + VQ(C_I?)%?mﬁm + ‘/E’)(QQ)(ﬁlu@y + ﬁlyéu) (1211)

VP Quo + Va6 (51,Q0 — ProQp),

where
~ qy ~ _
Qu = Q,LWQV - q_;Q ) Q,uQ,u =0 (12.12)
Y qudv ~ QvGa du9a =~ =
Qul/ = Quu + ;_462 - ?Qua - /;_QQVOé ) Q/WQV = 07 Q = QaﬁQOcqﬁ'

The tensor structure functions V;(¢?) are combinations of deuteron FFs as follows

Vi(¢®) = =3|Gu|?

Vo) = 3 |IGul + ——IRe(Ge ~ L0q — GGy

Vs(¢®) = —67 [|Gu|* + 2ReGo Gy ] (12.13)
Vil@) = —12M%7(1—7)|Gog?

Vs(¢?) = —12rIm(GoGyy).

Using the definitions of the cross—section (12.2), leptonic (12.3) and hadronic (12.8)
tensors, one can easily derive the expression for the unpolarized differential cross section
in terms of the structure functions Wi, (after averaging over the spins of the initial

particles)
dot™ _ &25
aQ  4¢t
where t = (ky — p1)?, u= (k1 — o).

In the reaction CMS this expression can be written as

{—Wl(qz) + %Wg(q% |:7' 1 (4“]\;2’;)22} } , (12.14)

do"™ 04253 2 2 3 . 9 2, 8 4 2
T D, D =7(1+4 cos”0)|G | +5sin 9(|GC| +§7' (€] )7 (12.15)

where 0 is the angle between the momenta of the outgoing deuteron (pj) and the in-

coming electron beam (l;l) Integrating the expression (eq:eql6) with respect to the
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deuteron angular variables one obtains the following formula for the total cross section
of the reaction (8.3)

7Ta2ﬁ3
3¢2

oo(eTe” — dd) =

2
3|Gel? + 47(|G > + gT|GQ|2) . (12.16)

One can define also an angular asymmetry, R, with respect to the differential cross

section measured at 6 = /2, 0

do.un

ds?

= 0o(1 + Rcos®0), (12.17)

where R can be expressed as a function of the deuteron FF's

p_ 27(Gul = 57|Gf*) — 3|Gof*
2r(|Gu? + £7|GqP?) + 3|Gcl?

(12.18)

This observable should be sensitive to the different underlying assumptions on deuteron
FFs. Therefore, a precise measurement of this quantity, which does not require polarized
particles, would be very interesting.

One can see that, as in the space-like (SL) region, the measurement of the angu-
lar distribution of the outgoing deuteron determines the modulus of the magnetic form
factor, but the separation of the charge and quadrupole form factors requires the mea-
surement of polarization observables [65]. The outgoing—deuteron polarization can be
measured in a secondary analyzing scattering.

The cross section can be written, in the general case, as the sum of unpolarized
and polarized terms, corresponding to the different polarization states and polarization

directions of the incident and scattered particles:

do do¥"

(12.19)
where P; (P;;), i,j = z,y, 2 are the components of the polarization vector (tensor) of

the outgoing deuteron, R;;, 7,j = x,y, z the components of the quadrupole polarization
un

is the differential cross

tensor of the outgoing deuteron @), in its rest system and 70
section for the unpolarized case.
The degree of longitudinal polarization of the electron beam A is explicitly indicated

in order to stress the origin of the specific polarization observables.
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Let us consider the different polarization observables and give their expression in

terms of the deuteron FFs.

(i) The vector polarization of the outgoing deuteron, P,, which does not require po-

larization in the initial state is

P, = 2?1)) 7 sin(20)Im [(GC - %GQ> G%] . (12.20)

(ii) The part of the differential cross section that depends on the tensor polarization

can be written as follows

dOT dUZZ do-xz daxx
o = a R..+ 0 R,. + 70 (Rex — Ryy), (12.21)
do,, a?3 31
= 1
- e L1+ cos0) G
: T 2 *
+8sin* <§|GQ| - Re(GCGQ))}, (12.22)
d(TxZ _ OZ /6 3/2 *
o = I ———37%5in(20)Re(Go Gy ), (12.23)
5 fo 0 a?(3 37 9
= — 12.24
0 Ry sin? 0| G )?, ( )

(iii) Let us consider now the case of a longitudinally polarized electron beam. The
other two components of the deuteron vector polarization (P,, P,) require the

initial particle polarization and are

VT T \
P = —3YlsinfRe (Gc - §GQ> &y (12.25)
3T
P. = 55 — cos |G ]*. (12.26)

From angular momentum and helicity conservations it follows that the sign of the
deuteron polarization component P, in the forward direction (# = 0) must coincide
with the sign of the electron beam polarization. This requirement is satisfied by Eq.
(12.26).

A possible nonzero phase difference between the deuteron FF's leads to another T-odd
polarization observable proportional to the R,. component of the tensor polarization of

the deuteron. The part of the differential cross section that depends on the correlation



12. Polarization Observables of the Deuteron in the Time-Like Region 136

between the longitudinal polarization of the electron beam and the deuteron tensor

polarization can be written as follows

d 223
gg = %673/2 sin 0Im(G 1 G) Ry (12.27)

The deuteron FFs in the TL region are complex functions. In the case of unpolarized
initial and final particles, the differential cross section depends only on the squared
modulus |Gy|? and on the combination G = |G¢|* + §72|Ggl?. So, the measurement
of the angular distribution allows one to determine |G| and the quantity G, as in the
elastic electron—deuteron scattering.

Let us discuss which information can be obtained by measuring the polarization
observables derived above. Three relative phases exist for three FFs, which we note
as follows: oy = ay — ag, o = ay — a¢, and az = ag — ac, where ayr = argGay,
ac = argGe, and ag = argGg. These phases are important characteristics of FFs in
the TL region since they result from the strong interaction between final particles.

Let us consider the ratio of the polarizations P,, (let us remind that it requires a
longitudinally polarized electron beam) and P,, (when the electron beam is unpolarized).
One finds

R, = = —cosf cot a. (12.28)
yz

So, the measurement of this ratio gives us information about the relative phase a;. The
measurement of another ratio of polarizations, Ry = P,,/P,, gives us information about

the quantity |G|

Py, |Gql
-8 t0 . 12.29
pzx \/FCO COS (V1 |GM’ ( )

This allows one to obtain the modulus of the charge FF, |G¢|, from the quantity G,

Ry =

known from the measurement of the differential cross section. The measurement of a

third ratio
P, sinap — 7sin o _ T|Gg|

= —— 12.30
P, COS iy — 7' COS QY] 3|Gc ( )

allows to determine the phase difference ay. And at last, if we measure the ratio of the

polarizations P,, and P,,

o=, = Tawrg |10 soin') \gip—m (r — cos ag) (12.31)
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we can obtain information about the third phase difference a3. Moreover, one can verify
the relation

3 — Qg — (1.

Thus, the measurement of these polarization observables allows to fully determine
the deuteron FFs in TL region.

Note that using the ratio of two polarization components that are simultaneously
measured, greatly reduces systematic uncertainties. It is not necessary to know neither
the beam polarization or the polarimeter analyzing power, since both of these quantities

cancel in the ratio.

12.3 Numerical estimations

In the previous section, the expressions for cross section and polarization observables
have been given, in terms of the deuteron FFs. Numerical estimations require the knowl-
edge of such FFs, in TL region. Due to the hermiticity of the electromagnetic current,
FFs are real in the SL region, and complex in the TL region. Two phenomenological
models of the deuteron structure presented in Chapters 8 and 9 belong to the few ex-
isting models of the deuteron structure with complex FFs in TL extension. Therefore
they will be used for the following numerical estimations.

The ¢? dependence of moduli of these models is illustrated in Fig. 12.1. One can see
that two models coincide in the SL region, where they are constrained by the experimen-
tal data (shaded area), but outside this kinematical region, they show different behavior.
Two poles coincide in TL region, as they correspond to the w and ¢ contributions. More
resonances are built, by construction, in the U&A model and occur in the unphysical
region. These two models show a similar trend, near the threshold, for the moduli of
FFs, however the sign, which is reflected in the relevant polarization observables, may
differ. Threshold, which corresponds to ¢* ~ 14GeV?, is indicated by a vertical line.

The predictions for the different observables are shown in Fig. 12.2, for F=1.9
GeV, not far above threshold. Two parametrizations, as expected, give different results,
especially concerning the predictions for the observables P, and P,., which vanish for

Yz
two component parametrization due to technique of obtaining complex parts of FFs in
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Fig. 12.1: ¢*>-dependence of the Gg, Gar, G from top to bottom (moduli): U&A model of
the deuteron from Chapter 9 (solid line), two component model of the deuteron

from Chapter 8 (dashed line).

this model. In spite of this, the angular distributions are very similar, as it appears from
Fig. 12.2b, as it is driven by the underlying assumption of the one-photon exchange
mechanism.

It should be noted that the CMS threshold energy of the reaction e"et — dd is
quite large, Ep = 2M ~ 3.75 GeV, which corresponds to ¢*> ~ 14 GeV?. There are no
data in this momentum range in SL region, which could better constrain models and
parametrizations. Although the cross section of this process is expected to be very small,
the search for the corresponding events it is not excluded in future at high luminosity

+

eTe” rings.

The formalism developed here is model independent and based on symmetry prop-
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Fig. 12.2: Predictions of the different observables, for the considered parametrizations of

deuteron FF's, extrapolated to the TL region. Notations same as in Fig. 12.1.

erties of electromagnetic and strong interactions. It allows to establish properties of
observables that should be satisfied by any model calculation. Moreover, it applies as
well to the annihilation reactions involving the production of other spin one particles in

the final state, such as et +e~ — p™ + p~ [66].



CONCLUSIONS

In the presented Dissertation Thesis applications of the universal approach of a de-
scription of the electromagnetic structure of hadrons to a solution of specific problems
concerning nucleons and deuteron were demonstrated.

The first three Chapters are serving as an introduction, where general concepts of
electromagnetic, weak and strange form factors are reviewed, polarization observables
are introduced and the four-component polarization formalism is elaborated in detail.

The first original contribution is contained in the Chapter devoted to VMD model,
where the old problem of VMD model with the asymptotics is solved generally and
expressions for normalized form factors and the required asymptotics for arbitrary finite
number of vector mesons are presented.

The Unitary and Analytic model, which reflects all known form factors properties,
is in universal form given in the next Chapter. Its application to the Rosenbluth and
Jefferson Lab proton polarization data has led to two contradicting behaviors of the
proton electric form factors in the space-like region, what is well known as the JLab
proton polarization data puzzle. In order to prefer one of them to be more reliable,
they are brought into a comparison with other independent data on deuteron structure
functions by means of the non-relativistic impulse approximation of deuteron EM struc-
ture. From the values of x? it has been unambiguously demonstrated that the G%(¢)
from the JLab proton polarization data analysis with the zero around t = —13 GeV?
are more consistent with the deuteron structure functions A(t), B(t) data than the older
Rosenbluth behavior.

In the eighth Chapter a simple parametrization of the three deuteron electromagnetic
FF's, with a minimal number of parameters, based on a transparent physical picture was

suggested. It can be used in the comparison of different theoretical models with experi-
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ments involving deuteron, and for a precise analytical interpolation of the experimental
points in the region Q* < 2 GeV?2.

An application of the Unitary and Analytic model to a description of the deuteron
electromagnetic structure is made in the ninth Chapter. Due to its unitary and analytic
properties and possibility of a transparent extension to the time-like region we obtained
not only fit of the experimental data on the deuteron structure function an polarization
observables in the space-like region, but also the prediction of the differential cross
section of the annihilation process e"et — dd, which is going to be measured in the
near future.

In the tenth Chapter a simple model of the nucleon axial form factor has been devel-
oped. The aim of this model is to provide a reasonable estimation of the nucleon axial
form factor in the time-like region for the measurement proposal described in the next
Chapter, where we studied nucleon antinucleon annihilation processes with the pion,
nucleon and lepton-antilepton pair in the final state. The latter allows measurement of
the nucleon electromagnetic form factors in the unphysical region and measurement of
the nucleon axial form factor in the time-like region. We also provided an estimation
of the differential cross section of such processes based on existing models of nucleon
electromagnetic and axial form factors.

In the last Chapter polarization effects in the electron-positron annihilation into
the deuteron-antideuteron pair for the case of longitudinally polarized electron beam
and arbitrary polarization of the produced deuteron, with the aim on a determination
of the time-like complex deuteron electromagnetic form factors has been investigated
for the first time. We derived general expressions for polarization observables as a
functions of deuteron form factors and we made their numerical estimations by means
of various models of deuteron electromagnetic form factors, for kinematical conditions
near threshold.

The obtained original results are published in 10 papers given in the bibliography
and they were also presented at various international conferences and seminars in some

well known centers abroad.
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